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ADVERTISEMENT. 



1 HIS work, fixnn the great variety and elegance of the 
results which it exhibits, and their practical as well as 
theoretical utility, having long attracted, even under the dis- 
guise of a foreign garb, the notice of British mathematicians, 
it is presumed the new dress in which it now appears, will 
enhance, rather than depress its value, in their estimation. 

B,iq;arding the Integral Tables not only as a complete 
praxis for the novice, but as a treasury of results (in value 
little short of Tables of Logarithms) for the accomplished 
mathematician, no pains have been spared to render them 
perfectly accurate. Should this object have not been wholly 
attained^ any inaccuracies which may be detected, it is hoped, 
for the benefit of science, will not be withheld. Any com- 
munications to the publishers on this subject will be thankfully 
received, and indeed are earnestly requested, as> from the 
nature of stereotyptngf they may be made wholly conducive to 
the attainment of perfect accuracy. 

Some'few liberties have been taken with the text, but such 
only as' must be approved of by all competent judgeiS. 
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INTRODUCTION. 



\p.) oy aia di uiese xaoies uiere may also De touua lunu- ti 
merable iDtegrals, merely by compoundiDgl; this JB best shown || 
bj an example. 

Required the integral of 

If, for brevity, we put 3 — 2«» = X, then 

J Xi J Xi J Xi J s-X^ J x^Xi 

If these integrals be sought for in the Tables for 

r xfAx r dx 

J (a + ir») i' J (a- (a+ 6*")^' 
(see pp. 127, 128), we find (a=:3, 6=— 2) [I 
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But 



3 r dx 265 fdx 

whence, these ralues being tubstitutedy by proper reduction, we 
get 



StA 



32x* 8«» 



2 
3 



Zs 




33727g* 13583a?» a* 2849x ^ 
7290 ""972 3 ■*■ 216 ^ 



1_70_ Jt 3^ 

■•"6 9« 3a:» 6x« 



^xvx 



3 2 

8l?2 *^ "** * V 3 + const 

(7) Should an integral not be found immediately in these 
Tables, it may, howeyor, oe always obtained, iirben the general 
case is possible. It will readily admit of being reduced to one 
or other of &e preceding forms. Thus, for instance, an integral 

/x ' dx 
-, but also in that of 

I '■ , derivable from the former by multiplying both 

J (ax-^bsf^i 

numerator and denominator by x*. 
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ANALYSIS OF FRACTIONAL FUNCTIONS. 



LET ■^. be the fraction to be analyzed ; U, V being whole 

rational functions of the forms 

17 = Ar + Bar-» + Cap?»-« 4- Daf«"-» + &c. 
V zz x*^+ ox**-* + fixt^"^ + yxf*"^ + &c. 

and^-^fi; the coefficients positive, negative, or xero; We^ 
assume the possibility of decomposing the denominator V tnta- 
real factors of the forms 

I. X + o, n. {x 4- of 

IIL x*+ax-¥ br IV. (x» + a« + »» 

It is required to analyze the fraction •== into euch fractioni <u 

ihaU have denominators of these forms. 

Since each of these factors requires a distinct mode of treat- 
ment, there will arise these four different cases, for which the 
methods with the necessary explanations and examples we pro- 
ceed to give. 

FmsT Case. 

Let the denominator V have one factor only of the form 

(x + a). Let 

V = (x + a)Q 



tfaeii Q is a known whole and rational (unction, for Q =: 



Make 



sf + a 
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r{ ANALYSIS OF FRACTIONAL FITNCTIONS. 

The A, which U atill unknown, is a conttant q^iandty. The i>, 
vhich ii alio nnknown, denotes a whole rational function of x. 
A and jP are determined by the following methoda. 

fvrtt Metkod. 
Let « + a = 0| then x = —a. Snbstitnte thii value of x in 
U, Q, and let the conitant qmurtities into which they an thui 
tnusformed, be denoted b j IT, Q*. llien we hare 



Jt iSi 



v 



Having thui obtained A, P naij be dethed fton ifet Amib 



^ actual diviaiob^ the form IT— ilQbctitgalwiyi dmMfeby 



^eomf Xetkod. 

Let dr=:Zd*, Z being a known fiuietion of * ; alM let t^.Z* 
be the values of U, Z when for x, —a ia aubftitnted ; then 

Tlu ftutctioD P ii found by the fint method. 

(1 .) When X itaelf ia a factor of the denominator F, in ofttef 
to get the constant quantities tF, Q*, Tf, from the fonctions 
[7, Q, Z, we must pat o for x. 

(2). If F, beaides x4> a> contain other factois of the siaK 
kind, z-t-i^, >+a", t-\-fi", &c. ; then from each of them we 
can form a dialuutpaftial fraotion, and the n u me ra tors of theas 
ibainiAnB, viz. ^, ^', A'", Ac. may be found in the same way 
aa that for the foctor A. 
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(3). It Vbfi 9Qq^po8e4 of siich r/^fd factojrs as x4-a, x-f /, |&c.; 
then ^ i^aj be a;ipAl7zed into partial fractjipi^s of .the Jtonn — -- , 

vbotetvms^. 

(4). These methods^ however, are {facticable only w^en^e 
factors are different from one an9t^r ; for.^l^erwi^e, ff a? well 
as 2r correspond^g to th^t factor whiph occur^more than once^ 

would =: 0, and4Mnce1»y b0di melliodft Jl ss •«• es oo . 



Example. 
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tectl^ fraction 



F*^ «3 -f X* — '2ip *' (« — l)(x + 2)x 
to be nictlysed, 4lien 

ir=:2x+3; F=:x» + x« — 2xr:(x— l)(x+i2)x^ 

For the. first. ff^tor^^*^!, ]Qj=:4c4- !i)jc^ And x — 1 =,0, gives 

X = L Also, when this value is substitufted^ U'z^ 5, 0^= 3, and 

IT -d 
hence, by the first jaethod,^4p:^aEF^. ^Aj^ dF=::(3x^-f 2x-2)dx 

and Z =: 3a^ + 2x •— 2 ; therefore 2"= 3, and bence by the 

second method it s ^ s= ~ as before. The partial fraction 

for €10- factor «^^ 1 is Hien — i- as , . ■■ ■■ . 

x-4 .3.(*— 1) 

For the factor x+2p we have Q = (x — l)Xy and x <f 3rr 

gives x=:— 2. Hence, w)i^n — 2^ is substituted for x, Cr=— 1, 

V 1 

Q^zz 6, and the first method gives A zs-^jez'^--. Moreover, 

Z 2: 3x* + 2x — f^^; lience, when •^t in p«t Psr x^Z^ s^S, and 

iT 1 

by the second met}^)d, j| =s -^ 2e •-*- ^, m befpsis. Hence the 

partial fraction is - -ji^. 

For the factor x, Q = i^— l)(x + $), and therefore, when 
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x=0, tr=3, 0'=— 2; and by the Bret method X =^=-^- 
Moreover Z=3«* + 2r — 2, and for « = 0, 2* =: — 2; heace, 
by the second method, X s= .^ = — -, u befine. The [Mwtial 

fraction is therefore — ^. 

From all these it follows that 

V _ __5 1 ^ 3_ 

?-3(a(— 1) 6(«+2) 2i' 

SlCOtTD Casb. 

llie denominator F of the fraction p, containing the factor 

x4- a moie than once, let r:i:(x + a)*Q: hence Qis a whole 
rational function of x. Let 






It ii required to detenniue the constant nuroeiaton A, A', A". 
First Method. 
It Q', IT, C„ ITi, If], &G. denote the Valueiofthe functions 
Q, 17, E^, , U,, Ui, Ac. when for x we put — a, or x -f a = ; 
then for deternunug ^, jf, ^', A'", ice, we have the follow- 
ing forms : " 



(1)^ 




(3).< 




(5)X" 


= e^ 


(') ^" 




>. 





(8)- 



ANALYSIS OF FRACTIONAL FUNCTIONS. x 

In the first jAux, — a=x it put both in and Q; irhence we 
hare V, Q*. Hence, by fonn(I) we g^tji; and substitittiDg 
this value of ^ in (2), and actually dividing by the denonunator, 
we hare E7, a whole function. In this, if for x be put —a, we 
obtain If, , and thence, by means of fbim (3) A'. If diis value 
be Gubstitated in fonn (4), and diviiion by x+a actutUy per- 
fonned, we obtain for [7, a whole function, and, putting —a 
for X, Vt ; which by aid of (5) gives A"- Substituting this 
value in (6), we get Ut, and consequently the constant quan- 
ti^ Vt, and fbnu (7) gives the value of ^. This operation 

is continued until all the numerators A, A', A" ^■~'>' aie 

determined. 

If j4^*~'y be found, then Uie numerator P <tf the fraction 

P 

^ may be found. For fhen from ^t"— ')' we obtain, by the 
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In ordtr, therefore, to detenome A, A".-...A*~^ Ve nut 1 

V I 

differentiate tlie fntiction n' > ** — ^ times lurcessively, divide I 

tfce TeMilting (UfieFPntuls in wderby l.ds, 1 .9dx%&e.«ad | 
in the «— 1 obtnioed rwidtB put —a fsi x. 



Let the fmctioK to be analjried be 



F-(»_l)'(^+l) 
and assame 

V~ 
in vhich ^i ^, A', and P, ttre to be found. 



•■ + « 



Co&ti/ahon (y (As Ftrif Method. 

Let (7=3z*4-K— S, Q = z*+ 1: alio make x — 1 = 0, 
or x=l. Hence V = Z, Q' = 2: conBeqvently b; foimnla 

(1), ^ = ^ = 1. 
By fonnulft (2) we have 



U, 



C— l.Q 



llefefoie ly, = 5, and by^mnk (3), ^ = ^'= |. 
Heuce we obtain by fonnnla (4) 

therefore (ft = — 3, and by formula (5), A" ^b 
To determine P, by foiarola (6), we have 
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3x—2 



\ + 



2(»-l)^2(a<+l) 
re, we have 



1.3. da* •«" 2(a'+l)* 

If in the MCODd member of Ae equmtioiu, we put x:r 1, we 

dien obtain for A, A', A", the Mine rahtes h befote. 

Thikd G4U. . .. 

LetitbeaMamedOutthedMOBMliator FofthefrKctioDprhu 

the trinomial factor x*-f>«s+A> m Am PbifxM-d*-)-^ <^ and 
Q be a whole fiuiction. Let It be further assmied, tliat the 
trinomial ^+ax+b does not adnrit of being reduced to two 
tteat faetora of the fiwm x>f a, 'wUdi is the case wlieD die roots 
of ««+a«+6=0 are imaginary, or it » ' < i is neggtitfe. B«qiiiie4 

to analyze tke fraction y int» two oflien, so that 

U A+Bx , P 

A, B, beiMg constant qtrantiges, and-^a wfatrfoAmctiOD'oFx. 
pint Method. 
According to Uie snppoiition, the equation 2* -t A* 4^ i = Ol 
has two iwkginstry rwitt ; thMS rgotaate-ofdikfoait A±A^^. 
Let the fons of the fanction be 
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ANALYSIS OF FRACTIONAL FUNCTIONS. 



U^(A-{-Bx)Q= Y: 

if now throughout the function Y, we put h-{'kV^ for x, the 

result will be of the' form Jlf+iV'\/^T, and iif, N^ will be two 
constants containing it, B, at present unknown. Next making 

by the solution of these equations we obtain A and B. 

Hence the function P is immediately obtained, from 

^^ U^(A^Bx)Q 
x'^-{'<ix-\-b 

by putting for A, B, their values, and actually performing the 
division. 



Substitute in the function Y, 



Second Method. 
1 



iV 



for Qf and then 



2/^^—1 dx 
proceed as in the first method. 

N. B. The second method is preferable in certain cases which 

shall be pointed out in due time. 

Example. 

Let the fraction to be decomposed, be 

U _ 2g-f 1 

V ■" (x*+2a;+5) (a^+x-h l)(x«+ 1)' 
Here, for the factor a:«+2x+ 5, we have, Q=:(««+a:+i)(a:«+l), 

Since 27 =: 2x -)- 1, we have 

Y=z2x+ l-^(A+Bx) (««+«+ 1) («*+ 1). 

Tlie equation «■ -f- 2a: + 5 = 0, gives x = — 1 + 2-v/ — 1. 
If this value be substituted in Y, we obtain 

y=-l+4v'— 1— (^il— JJ+2-B-V/-1) (—2+16^—1) 
= 2il+30B— 14-(20B--16it+4) V— 1 ; 
whence Mzi 2A-^30 5—1, N=, 20 B— 16 -4+4. We have, 
therefore, the equations : 

iA-i- 30B — 1 =0,20B-^16il + 4:;:0, 
and they give ii z= A, B = ^. 
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For the Paclor «»+«+ 1, we have Q — (x*-f 2a:+5) (a:«+ 1), 
and hence 

y= 2x+ I —M + i^a:>(ar« 4- 2ar + 5) (a:«+ 1). 

The equation «« + ar + 1 = 0, gives « = — J+J^V' — 1- 
By the substitution of this value, we obtain 



y = -v/3 . ^^l—(A — i B+ 



B^3 



i 



2 >^-l)(i-iV3.-/-l) 
whereforeitfr:— 4-A— B, iV=(Jil — 25+ 1)^3. Hence 

• - « 

we have the equations 

S.i! + B=:0, 4.-4 — 2B+ 1 = 
which give il = — ^v, B =: ^s^^ 

For the third factor x» + 1, we have Q = (x* + 2x + 5) a: 
(±* + x+ 1); then 

y z= 2a; + 1 — fil + J?x) (a* + 2x + 5) (x* + a: + 1). 
The equation x«+l =J0, gives x = V — 1- Which value being 
substituted, gives 

• y=:l+2^ — 1— M+ 5^ — 1)(— 2+4-/-1) 
= 2il + 4J5 + 1+(2B — 4il+ 2) ^/l 
wherefore M = 2^1 + 4B + 1, i\r = 2 J5 — 4i4 + 2. Hence the , 
two equations 

2il + 4J5> 1 = 0, 25 — 4.4 + 2 = 0, 
which give il = t?v > ^ = — !• 
We have, therefore, 

7 "'x«+2x+5"*" x«+x+ 1 ■*■ x« + l * 

Fourth Case. 
The factor x* + ox + 6 is contained in the denominator V of 

the fraction -= more than once, so that K=(x*+ax+i)» Q gives 

Q a whole function of x. This fraction will always admit of 
being analyzed^ in the sam^ manner as in the. second case, 
so that 



MMMi 
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an 



F 



A+Bx 



+ 



A'-krB'x 



(x«-hax+6)» * (xa+ac+^Z 



-.+ 






and then we have only to determine A^ B, A\ V^ &c. 

Method. 

Form sucb^sii^ely the functions ITi, tf^^ U^f &c. ittet ilki 
following scheme : 



(2.) cr. 



«• + €KC + 6 



^^'^ ^» 7^ + ax + b 



Q 



&c. 



and determiire trttd V<, Uif U^ ^st U^t &c. the constants 
A, B: A\ B"; A'\ B" ; A"\ W\ A\ W% &c. wkolly by 
the first method of the Third Case. 

First, the constants A, B, are fdund exactly as in the third 
Case* Substitute now llieir values in the fbrm (1), and execute 
the division hj sd^+ax+b; we then get CT, a whole function. 
Proceed now with Ui as before with U, and thence determine 
the constants ^^ fi^; which being substituted in form (2), Imd 
^e dKtoioti aelifftHy {>erf6niied^ give U^ a whole fuuetioA. 
And proceeding in this manner the constants A^^^ B^\ may be de^ 
terroinea. We continue the process ufitil all the ednbtlnitb 
A,B; A',^; ^0-D', B^^D, are fotihd. 
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If we wish fidso^ tD» dettfimine Pt w« seek itmok MSOBf the 
known quantities ^(»->)', m^-^)\ the fttilcti«B. G^»; w# &«» 
have P = Un* 

Let the fraction to be analyzed be 

Here I/^ = 2«* + ?«« — 4a:, Q = 2x* — 5; therefiMl^ 
r& 2x* -h 7«*— 4a?— C^ + jBa?>Gto*— 6). 
If we putic^-f Is0^ ot arsriV'— 1, and substitiileftis valae of x^ 
the function y trcnforiQs iato. 

Hence we have the equations 3^— 7 = 0, SB — 2 = 0, which 
give-*^ = t, JJ = 4. 

Substituting these values in the fonn (1), we have 
2a:* + 7g» — 4g — (j. + j^ar) (2g* — 5) 
^ "" «» + 1 

= j. (2a:» — 14a:« — 2« + 35). 

We now treat CT,, as befomwedid Up and we get 

7= i{^r^ 14a* - 2« + 35) - r^' + jB'«) (2a:*— 5) 

and this function when « == 4/ — 1, transforms to 

V— 4V — 1+3M'+B'V— I) 
or 3^'+ V + (35^—4) -/—I. 

Hfnce we have the equations, 3^+ V = 0, 3-B'— 4 = 0, 
which give A'zi — *^, B' zi 4. 

Hence again by means of form (2), we find 

4 {%3? — 14g^ — 2a: + 35) — (— V + 4^) (2a:*— 8) 

=:4(— 8a:» + 98a!»+14«— 140) / % 

consequently here 

y= J(— 8a:»+98a:»+14a;— 140) — M''+Jrtf) (2**— 5) 
and when \/— 1 is put for x, 

y=-H* + vv-i + 3r^"+B'V~i); . 
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consequently ZA" — ^^ = 
whence ^= Vr'.'B"=- 
From A" and ff' we finally 

„ ■K-fa' + 98»'+ 14»-140)-<vy-Ui»>(2x*-5) 
' *•+ 1 ~ 

= ^ (44** — 47fts» — 68* + 770) 
which ii the foncUon of P. 



-t ROM a close ezamination of the different methods employed 
to intei^te a proposed differential Function, we discover that 
tbey Jead us, 

(I.) To the knowledge of the Elementary Integrals, and con- 
sequently of such integrals as either actually appear in the 
most simple form, or as may be lo coneidered ;J as, for in- 

stance, f^d.. f^, fJi,. f^^- *<=. 

(2.) To the method of reducing a proposed integral to one or 
Other of the Elementary Integrals. 

The reduction of a proposed integral to another may be other- 
wise effected : ' 

(a.) By analyzing the given differential ; and, therefore, by 
partial integration. 

(b.) By the introduction of a new variable ; and, therefore, 
by substitution. 

(c.) By the application of certain formulffi of involution, 
whence, without the aid of substitution or any other means, a 
proposed Integral may be reduced to one more simple ; and, 
this again, to one yet more simple, and so on. These Formulte, 
ought exclusively, to be termed, Formulm of Reduction. 

(d.) By the application of some, or all of these methods, 

The General Fonnula of Reduction is 

fXYdt=XfYAx~/dXfY6x 
where X, Y, denote two arbitrary algebraic, op transcendental 
functions of x. From this formula, by means of certain 



tIU formuue of reduction. 

artificei, we may derive all the Fonnulee of Reduction for 
algebraic function!, which are here given. 

Tlie use of these Formulee extends even to the ver; compre- 
hensive Integral /x-^'ArX" fX = «i+fcr+cjF^(fa«+4c) 
where m,n,p, may be any possible numbers whatever, positive 
or negative, whole or fractiooAl. Tab. 1, gives them for a+ bif ; 
Tab. n,foro+&«"+c»*; Tab. Ill, for o + 4«" + c«" + <&>•; 
Tab. IV, for the polynomial. Hence we are enabled to augment 
or dimimBfa die exponents m and ^ until we arrive at such in< 
tsgrala, as, by proper tabslitKtioBs, are reducible to Elementary 
Integrals ; ,wlucli then must either be completely integrated or 
expressed l^ series. 

These Formuliti are, LMtfeovei, ^plicable lO long only as the 
denominators of the fractional co^efficients do not vani^; 
which happens, for instance, in form, I. and V. Tab. I, 
whenmrrO, andinfonalHandlV Tab. I; when m+»gi=0. 



?FEBENTIALS. 



THE Int^;rala of Rational Diflerentials, msy, on reviewing; 
tke operatiDnB by wfaidi they were calculated, be conveniently 
arranged in the three ftiltowiirg clann : 

(1.) Integnds of 2djr, where X is either already a finite snies 
of the form a+6x*+c«*+&c., or such that by the expansion of 
the binomial and polyiiomial powers and thew prodoets, con- 
tained therein, it is imnediately redocible to that form. 

(3.) ItilegnJs of Xia, wlieie X is aol of that fbrm. 

(3;) hrtegnls of Xd>, where X coosiitt of two partly Yixt 



lNT£a«At£ <iV KATIONAL BIFHlREMTllUe. mk 

Zdx, of which one belongs to tht firat cIm>, the other lo-ihe 
second chtsa, 
'The third clftss having nothing distinct from the others needs 
no pBrttcudar notice ^ ftrhiK^iKn fXix^fYAs'i-fZix. 

(1.) When k denotet the arbitrary constant, m baag posilire 
"DT negvtmjire liave 



J^-Si+- 



K: 



Tlic case where m = — 1, is an exception ; for then we have 

= a log Ar = log *■*•=. Iq; Aj«. 
(2.) Hence 

f(a+ &e+ c«»+ ftcO*«= » +|fa* + |«' + *c. 

+ ^ + ^ + *c J dr S: « log » - - -^ -|~i - &c. 
w+> 6a*+' ca**^ 

(3.) To this class belong also the Integrals /X-dr, /JP* y^*, 

/X-y-2^d«, &c. r^ , J"^!^, &c. where X, V, Z, Ac. 

are functions of the form a+ bif + ex* + &c. and m, n, p, £c. 
wfcole positive nombers ! 1iere*ftre powers *", T" , ^, &c. being 
expanded by the 'Binontual 'Pbtynimiidl llieoreins will 'be 
tiarrtfcmned into » finite series, the tertas df which lave the 
form ■of air, and the pro'dwct of any number of them will, there- 
fore, l3e •thus reducible. Thus, for example, 

fCo + IxyAx =..a\t + a*a:* + ~i»a? 



xia INTEGRALS OP RATIONAL DIFFBRBNTIAtS. 



Xa~xna*x)ix_ _^ ■ « , g' L 



T+/i_3i^-s+7 



(fc-I)«^'"^(A-3)«*-''^<A-2K^ (A-4K-' 
Since Integrtda of this clais are so easily found, no tables are 
neceasary for that purpose. 

Secomd Class op Ihteoeals 
To this class belong those Integiats nhich are comprehended 

by the eeneral form I i. , ; u -r ; — i ' .■■ . dr, or when 

the numerator and denominator are divided by a, by 



1 f^z-+g»"-' + ffar-o+Sec. 



U-- 



dx. 



x*+6'x*-'+c'a*-«+&c. 

Since, when m > il| or m=Jl, by actual dinsion we can decoth- 

pose the above form into a whole function Y, and a fractional 

one -^ in which the highest exoonent in U is < than that in 

V (or A), m may be supposed < *. Thus, /YAx being easily 

/U 
-zr Ax. The method of 

effecting this is shown above, and also in all elementary boo^. 
As, however, the calculations for each integral would be ex- 
ceedingly troublesome, it has been deemed useful to construct 
tables containing the fonnulee, reduced to the most simple 
t«rms, for all integrals which are likely to occur in practice. 
The more general forms, together with the Formulffi of Reduc- 
tion, are placed at the end, because no better place could be 
assigned them. ■ 



<iii\i(/imviimmmmiHfi!f 



TABLES 



OF 



FORMULAE OF REDUCTION FOR THE INTEGRAL 



/a^-idx (o + ia» + cx*» + cte^ + Sic..)P. 



FORMULAE OF REDUCTION, 



TABLE I. 



Fonnulee of Reduction for the Integral 



a+fa*=:X 



I. 



mm 



II. 



/a;«-» dxXP zz 



x^-*Xp+^ 



!»—*•» 



Cp+l^w^ (p'\-l)nb 



/ar«'-»-'dyi'^' 



III. 






IV. 



/a:»-i dxJKP = 



xI»Xp 



pna r^n^^t^xi^' 

m -{- np m-^-np 



« • 



■\ • - 



V. 



- • ■ 









B 



FORMULA OF REDUCTION. 



TABLE L 



Formulse of Reduction for the Integral 



a ^ bx*zz X 



VII. 

± L (m — in) a /x"*-'*"* dxXP 

"" (m+np) y "" fm — n+ np^ b ' "" f»i — 2n-\-np) b 
jy^ (f^^n)a ^ ^_ (m^~4n)a ^ ^^ 
(m — 3n+np^ b ' (m — 4n-{'np) b ' 

£^ [m — (^i— l)nla ^ 
[m — (i — 1) » + wp] b 



VIIl. 



B. 






a^ 



-f- X (p — {-{- 1) na /a:*"* darX*"* 



wi -t" np w — w + np m — z» + np 

D= IP=^^ c, E= SEiB.^ d, &c. 

m — (^ t — 1) n-\-np 



^!^L 



FOBMUL£ OF REDUCTION. 



TABLE I. 



Foimiilffi of Rednctkm for the Integnd 



ft^* dr (a+&B»)r 



■fMHMW« 



« + Aac«z= X 



IX. 
/x-^> AxXP =r 

jl— _i- p _ (m-\rn^np)b (m-{'2n-\-np) b 

ma* (m-\-n) a ^' ^ - fm+2n; a ' 

(^»t+d»^ a (m-f-4n^ a 

Z— [w -f ("ii — 1 j n -I- np] 6 
^ [f» + C»— l)nl.a 



5 il»+» + BXp+2 + CXi^s + DXP+* + EJD^^ + &c. 

J _ } « _ m+n-{-np . ^ _ w+2n+np 

^ "" (p+l)na' (p^2) na ' "" (p+3) na ' 

^-" rp+4)na ''^ ^ (p+5)na ^' '**'" 
^ _ in'^(i^l)n+np ^ 
^ (P'\ri)na 



sags 



r • 



B S 



PORMUL.'E OF" REDUCTIOK. 



MMHMW 



'■" -lll-""ll' ' 



TA»J4B H. 



F^mnte df Rednetion for the InUgrat 



a4.ftas«-f <;x^zzX 






1ft 



9fMM 



m 



/«-»+«• -idx»-» 



"JTp+i 



IT. 



/x*-lda;^ — 



(m+2pn) c 



* t- * — , - > \ '■ /«»~^^» da:» 






III 

pn6 



+ 



» 4- 2p?» 



/a:«H-«-ida?Xi»-i 



POBML'LC OF RBDUCriON 



ts 



FORMULA OP REDUCTION. 



TABLE III. 



Fonnulfle of Reduction for tlie Integral 



o + ^a;" + ex** + da^ = X 



j;"»X^ pnb - ^ . , ,, 



II. 



/a:**~*darXP=: 
a:^^»^+^ (m—Zn) a 



y.^m-M-ldxX'* 






III. 

m + 3jwi ■*■ » + 3p» ^^^ ^^^ 



+ 



— r-^ / a^+»-» da:Xi»-» -I 22£_ raj»+«it-i daijr'^' 



FORMULA OF REDIIHTTION. 



FOBUtJL£ OF RBDUCTieM. 



FonQulee of Reducbon for the Integral 
fif-'Ax fa+ftr"+cr-+ +t^J' 



Abbretmtion 
a + Ja?- + CK» + dr» + Ac. + «<*-■> + fcc*- z 






/^•-"-'diXi' = ff. 



: y." 



tOtlUVhS, OF REDCCriOR. 
L'ABI 






1 






(m+kpn)lf 
_ [,_(* _ 2) . + apn] cS«-l— [«- (4-3) » + 3pn] rfS'r"' 



HI. 
{m+kpn)f^-'ixX'- = 

+ (A — 3) pndS",' + &c. + pns5?-"'. 



to 



FOBMULiE OF REDUCTION. 



TABLE IV. 



Formnls of Reduction for the Integral 



/a*^>dxfa-|-&i*+cx»+ + to*";* 



IV. 

x«»+> — f» -\-n-\-pn)bSi—(m + 2ji+ 2pn) cS^ 

— (m + 3n -{- 3pn) dS"'/— (m -{- An ^- 4pn) eSr^i"^ 

— &c. ^^ (m-r- kn + kpn) tSf. 



V. 

(Asl* + Ba*+« + C3f^+^ + &c. + 7V+f» -») ) Xf^ » + 



From this equation and the differentials, the coefficients 

AyByC T^ A\V,(y, T may be determined. 

Their general values admit of representation^ but not with 
brevity^ 



INTSORAIA OF RA130NAL DIFPKRBNTUI& 



— 










TAa I. 


f^- 






/^ 










o+ 6i =;r 






1 


og.X= 


log.^"- 






[^= 




-P'«e 


X 






f^= 


x* 

a 


-? + 


glotJT 






r-^- 




-g + 


f-S"^-^ 






r-p- 




-£+ 


"2p"~"F+F ■* 


X 




J X - 


^ 
» 


-g+ 


a%' a'x* a'jr 
36' 26' ■*■ 6' . 


i'o..x 


B- 




-^.H- 


4p--W + -26> 




+ plofX 


n- 


arT 

7i 




+ S6> W + 




-gi„g.X 


CM. 


*» 

S 


0^ 




4?- 


a'* , a' , ~ 
-6^ + 6S'°f-^ 




96" 


-s;+ 


oV oV a'y' 
7 F ~ ■64!' + "SF ~ 

--5F + 


TST + IF 


•J^- 


-loB.X+i=ilog.X + 


ilog.k = 4l''S-l'^ll 








= log. kiX* = 







tt INTEGRALS OF RA'nONAL DIVFBKEBTIALS. 



TAB. II. 



/; 



{a+bxy 



a -{• bx^i X 



bX 



J X« "" 

Cx^ a , 1 , ^ 

Jx»da: /«» 3aa?« , 3»»\ 1 , 3a% „ 
"X3- = U - "2S^ + l^j Jf +-F^^«-^ 



do; 
X^ 

'zdo; 

Vdx 
■]^ 

Vdo? 
Vd« 
'a?*d« 
Vd« 






2^" 

2aif» 
36« 



+ 



2a^a?^ 
b^ 



4a*\ 1 4a% ^ 






126 
l06* "^ 245" 



26* 

aV 
" IT 



3aV 6a«yl 

6a^ 
- . TT log- -^ 












7o»«* . 7aV 7aV 



126* 

+ 



7cr' 



66* 26«^ 

7a« 



6« 



7\ 1 _ 



/*jc*dx / 






4oV 



36' 



W> 



+ -55 — -F ) J - -F »<«• ^ 



i 






(ft -. 



566* 146* 106* "•■ "506* 



4ft« 



+ 



9tt» 



IF — 26r+6^jlr + 6^^'*'^ 



INTBaRAIiS OSf RATIONAL .DIFFBBKNTIiU.S. 



Id 



TAB. nL 



X 



26V X* ^ 6* 
/x» 6a«x 9a^ 1 3« • -» 



r »"HLr 



bxf 



a + bxzz X 



Cdx 



*xdar 
*i*dx 



J=^=(- 



26X* 

6 ^ 26VX* 
2«a? , 3a«\ 1,1, ^ 



rx^dx_ / 

J x^ - V 



«• 5«x* . lOaV 20a*x I5a\ I Ifti*. ^ 



36 66^ 



X* ax* 
46""56» + 



36^ 



6* 
5aV 



6« 



+ 



45€fi\ 1 
26' / ^« 

+ -^logjq 



67 



i"^ - ( 



x^ Ttax* 



56 



206' 



7dV 
106» 



pg»dx 
J ^ 



V6d 



156» "*^ 166» 



7a3x^ - 7a«x> 

46* ^ ** 

63an 1 21a» 

26*/ JD 6» 

14a*x> , 7a*x* 
+ 



420^ 



1^ 



36» 



6^ 

logl 
28a^^ 



36« 






. 56d^x , 42a«\ 1 , 28a«, . 



Sox* 12aV 
146« "*" 35 



3aV , 6a*x* 
^ + "ST 



56' 



3aV 
6« 



12a*x» 
6' - 



72a% 54a^^ 1 Sfia^j^ ^ 



6' 



6»o 7 JP 6> 



14 
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TAB. IV. 



(a+bxy 



a+bx r: X 



■»■■* 



pa* i_ 

CMx _ 
C^dx 



X 

"X* 



/x* ox a*^ \ 1 
/3ax« 



9a°x 



. lla'\ 1,1, Y 



Cx^dx (x^ 12a'x« ISa'x 22a*\ 1 4a, ^ 



5aa?* 30a^g' 45a*g _. ^^\ JL 
"26^ + 6* "^ b^ "^ "W ) X? 



lF^\Jb 



sfi ax^ , 5^V eJaV O0a*x 110a«\ 1 



A'2 ' 



b^ 



36' / ,JP. 
20a' 






?! — Z^^ 4- "^^^^^ _ 35a^g* 105g*g^ _^ 3l5a«g 
46 IW'^ Ab' 46* "^ 68 "^ 267 



+ 



385a7\ 2. 
66S y JSC' 



+ 



35a* 



ra:»dg_ /; 



56 56« "^ 156» 56* "^ 6* 

252a7« 308a»\ 1 



log.X 
168a«x« 



68 



369 



\ 1 56a* y 
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Cxdx _ _ / 






TAB. V. 



/ 



ar"*dx 



(^a+6x; 



a ■\- hx iz X 



36 ^ 126V X^ 



^ 26 ^ 36^ ^ 1267 X* 



Vda: 
Vdx 
Vdx 

It 



' 6 "^ 26«" ■•" "6^ ■** 46*y X* 



fxMx /4aa:« , 9aV . 22a'a? . 25an 1,1, ^^ 
J XT = (-6^ + "6r + -1^ +I26^j X^+ F*^^-^ 



20aV 
63 



45aV 



110a*a; 
36* 



126a^\ Jl_ 
126V X* 



J X* "" V 26 ■" 



Sax* 
6» 



, 60a V . 135<t*x« , 110a»x 
+ —IT* H n r • 



6^ 



6« 



. 125a«\ 1 ^ 5a« ^ 






x7 7axg 7aV 140a^x^ 315a*x* TTQqgx 
36 66^ "^ 63 6* 6« 36^ 

875a7\ 1 35a' 



TxMx 
J ^* 



/ ^ _ 2ax^ 7aV 
V46 36* "^ 363 



Ma'x* . 280€i*x3 . 630a«x« 



+ 



6* ' 6« 
1540a'x . 875a»\ 1 



--h- 



. 1540a'X , 875a»\ 1 70a\ 
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TAB. YI. 



/ 



f.m 



dx 



(a-\-bx/ 



a-^- bx zz Jl^ 



J ^ " V 






J ^ ^ 



dx 

*xdx 
IF 

Vda: 

IP 
Vdo: 



^u 






X 

"" ' 46 "^ 206V X} 



36 ^ 66» ^ 306 



oar 



.ft- 



+ srs + 



!06V •^* 
463 + 206V -X 



/5ox* , 15aV , 55<iV , 125«*ar 



V h^ 



36^ 



126^ 



^ 606*^ 7 Ji' 



+ i:«iog.x 



6« 



J^= i"6 - - 



aOa'ar* 



6* 



aioa*«« 



126aV 
26« 






. "6* . 

137a«\ 1 6a - ^ 
""T06rj]f*-"6-7 ^^^-^ 

7flw« , •105«^«^- ^ 3l5aV . 38^ii*ai* 
i — ^-u r — li r - 



26« 



,.^, ...,,.. 



;P ^ U* 36V + 



467 
28aV 



206« 
280a*ar* 



6* ' ^ 

. 1 , 21a^. _ 

jjp+"6r-^^^-^ 

840ttV 



36« . » 363 . 5^ 

30$0aV 1750a7aj 1918a«\ 1 



36^ 



368 



918a«W _ 

1*56^ y X* 



56a> 
6^* 



\^ 



log.X 
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/ 



ix 



a*fa-f 6x^ 



TAB. VII. 



a+ bzzz X 



rdx _ 

rdx _ 

rdx _ 
j ^x^ 

rdx _ 

J x^X" 



1 , X I , X 

— log. •== = log. 

a ^ X a ^ X 

1,6. X 



a* 



x*X 

dx 



r dx __ 



dx 



r dx _ 



2ax^ 

1 
[Zax^ 

I 
1 



^ b b\ X 



a'x 



+ 



+ 



dx 



A/.*.* ' 






5ax^ 
1 



+ 



2a«x« 

6 
3aV 

b 



_ il 4. ^ lo ^ 



2a»x 
3aV 






+ 



6ax*' 5a'x 



s 4a«x* ^ 



a'x 

b^ 
2a*x^ 

3aV 



a^x ' a^ • X 

2a*x« "*" o«x 
6« , X 



a' 



C dx 



I b 

7ax7 "^ 6aV 



6« 



+ 



6' 



&♦ 



+ 



5aV * 4aV 3a*x» ' 2aV 
_i!L-L^lo .J 






1, 



»/«»«.* 



h^ 



8ax«' ' 7aV 6aV 



.+ 



65 



c'x ' a* 



5aV 



+ 



X 

b' 



4a*«* ' 3aV 



2aV 



,67 ja jin 



a"x 



log. — == log. 



1 



© 



= -log.4 



/ 
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TAB, vin. 



J 



dx 



x"Xtt+A*y 



ft 



a -\- bx zz X 






J x«-X» ~ V ax ay X ^ a» ^^' x 



dx 

xX* 

dx 



x^X^ 
dx 



r dx _ / 1 

f— -f- 



2aa?« ^ 2a^ 



, 36«\ 1 3b* X 



1 2^ 

3ax* "T" 3a^* " 

1 56 

4aar« "*" 12aV 



26« 4^\ 1,4^, X 






56* X 



dx 



«^jr» 



= (- 



1 3» 

5kix* "^ lOaV 



»* 



2«sx» 



+ 



y 

aV 



=(- 



aVX 



1 



+ 



76 



76« 



6oa:« • 3ea«x' 



+ 



765 



X 

£6* 
"" «*x 

^ a^ ^ X 
76* 



6ft*x« 



+ 



(- 

(- 



+ 



46 



20aV. • 12aV 
76* 76^ 1 76». X 

46« 26» 26* 



7ax' ^ 21aV 
46* 
3?55 
1 . 96 



15aV 



5aV 



3a?x> 



. -. 46« 86^-1 , 867. X 



+ 



a^x 
3¥ 



+ 



36» 



96* 



14aV • 10a*x* 20aV 



+ 



8ox« *' 56a2x' 
36» 36« 96' 9i«\ 1. 96«. X 



9951 



INTXORALS Of BATION AL BIFFBUBniALB. !• 



TAB. IX. 



dx 



-k^bxf 



a + bxznX 



r dx ' / I 9b 8i««\ I , 3», H 



J P3p V 2aa:^ "^ a'^« "^ a? '^ a* ) X* a* ^* x 

J x*X« ~ V 3a*'''' 6a««« 3a»x a* a* yX« 



— r log. — 



r dx _ / 1 ^ ft , _ J5«^ J- i*l 4. 1^ 1 15ft*x\ J^ 

«- *— -- log. ■*■ 

r dx _ / 1 ^ft n* 7^ n^ est* 

U ?5F '' V Sac* "^ 20a«a?* "" lOoS? "*" 4a*x* a^x 2a« 

%Wx\ i ,216*, X 

r dx / I . 46 76« . 146» 76* 



C 9» _( Jt^ . 46 76* 

j ?!x5 "" V"* 6(4a:« "^ 15a«x* "** 15a'x* "*" 



/l^''{ 



16aV 3a»x« 

, 286* . 426« , 2867x\ 1- 286« X 

+ 35i + "^ + "15--j JP"V^^^-T 

1 . _36 12» 3y _ 66* 

36* 126? 5467 366«x\ 1 .3667 jf 
+ oV d'x a» a^ j JIC« ■•" a^^ ^^' x 



c t 



^ IMTXGRALS OF RATIONAL DtPFMSHflALtf: 



MK 



TAB. XII. 



/: 



dx 



o^(a+bxf 



a + 6x r: X 



137 77 bx 47^a» 9ya:» g*g*\ I _ J_ , £ 



J x«JP "* V «« 10«* 2a' a* a» "^Z X 






+ ^ H- — 
329&*«* 



a?'^ " V 2a«« "*" 2a«a: "^ "55^ "^ ""la*" "*" 2a* 



, 1896V , 216V\ 1 216« , 
4* 286« 1918*» 10786*« 



3a V 3a'a; 15a* 3a* 

3a« a7 a« j X* "^ a»« ^^' or 

1 fjf. — / L 4. ^^ _ ^51-4. £1*! L ^^W 16176^a 

U a:*JC« "" V 4aar*^ 4aV a V "^ a^» "^ 10a* "^ 2a^ 

, 9876V , H346V , 1266V \ 1 1266* X 

Ci» _/ 1 6 36^ 6y 426* 28776* 

J ««J[» V ^ao?*"^ »aV 2aV "*■ a*«« ** «^ "^ 5a» 

16l7y g 19746V tft686y 2526V \ 1 
"" a7 a« ao a>» /^ 

, 2526* , Jf 



INTX&RA£S OF ftAtlOMAJj PIFFSBJBNTUm IB 



I 



dx 



TAB. XIII. 



±f »■ « ■ 



fo+6**;** 



— Kl^*" ■ M<ti^— »«*^W^P— — i»».— — n^— — — ■■^fJ^.^IH^ 



a -f *«« = ;s: 



r dx _ Ala 



[see the following page.} 



Cdx X . \ Tcte 



— +4/1 



J X* taX^ 2uJ X 

rdy _ / 1 7 35 35 \ 35 Tdar 

J X* ■" V SaX*'*' 4Sa^X' ^ 192a»X« "*"T25?5f y * "+* "RSdFj -X 

r^ - / J!_ 4. ^ , .gl . 31 . 63 \ 

P X« "" VlOaX*^ SOa^X "^ 16'0a»X^ ' i28a*X« '^256a*Xy* 

, ^ 63 ^ rdi 
■^ 256a* J i 

fdx^/ 1 , 11 , 33 77 77 

y X7 Vt2a^ "** 120a»X* "^ SXCrt^X* "*" WOa/^X^ "^^12a»X« 

281 \ 231 Cdx 

'*' 10244«Xy*'^ 1024a« J X 

r^* / ^ . ^3 143 . .429 143 

J IF^ Vl4aX7 + T68a*35 "^ 1680fl'X^ "^ 4480a*X*"* 



/: 



E 



1680fl'X^ ' 4480a*X* ' 1280a-X' 

143 429 > ' 429 fdx 

+ 1024a«X« + 2048a7X/ * "^ 2048a' J X 

/ I 15 65 143 H%1 

^ \lBaX^ + 224a''X7 + 896«>1K»"*" l7e2a*J? ' 143d€a^X' 

429 2145 6435 \ 6435 fix 

"^ 4096a*X» "^ 16384a7X« "*^ ^tBa^x) *+32768a*J J 



■•"•^"■•"••^••i 
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^W^M^ 



/: 



and, of these two expreiisioQg, that is always used which appears 
in a real form. Hence we obtain 



f = -—- arctang.a:\/ - = -^-^ arc sin. j/ 

J a + 6a:" yao 

^ 1 



Note on the preafd&ng Tclhle. 
In general, whether a and 5 be positive or negative^ we have 



— ; — = '-r-r arc tang.a?v - = s— :; 1 «>&• """T 7 — r » 



bx^ 



arc sin. 



2jrii/a6 1 - (a 

^ — arc COS. y 



2>/a6 -'""""" a+^6af* y'**^ 

1 or-bx^ 1 

-— 7-r arc COS. . . • = ■— -r «M^c cot. 
2iv/a& a+6at* v^ao • 

1 a+6x« 1 

arc sec. y ■ 






arc sec. 



x\/b 
a+6x« 

a— ftx* 
a+6a:* 



J: 



f dx . _ _ r dx f da: ^ _ f 

J — a+6xs^ ■" J a-6a:*' J — a— 6x« J a+6«« * 

In a particular case, we have 



^ab ^^ """' ^ a ^i/ab 

1 ^ o+6a:« 1 

-=—-—- arc cosec. $J — t-t" == TTTT arccosec. „ , jl 
t^ab bx^ 2^ab 2xyab 

1 26x« 

= ^ ^ V arc sin. V. — r-r- « 

^dx __1_- Va+g\/6 _. 1 I >s/a+xV6 

1 A/or-XA/b 1__ , j/a-^x^b 

VS ^^' V^T^ "" Vab ^* V'(<*-6a:*) 

dx 



j^ ^ arc tang, x = arc sin. ^^i^^.) =: i 



== ^ arc sin. 



1+x^ 



rs arc cos. 



V(l+x«) 



1— g^ 1 

s X arc COS. -7-- — - = arc cot.- 
* 1+x' 



s 



X 

1+x* ^/(l+ic*) 

=rarcsec.i/(l+x«)r:| arc sec. j— 5= arc cosec 

14-x* 2x* 

« I arc cosec. -^ = i arc sin. v. :|p-j-p 

dx ■ , l+x - , 1— X 

j_,= |l0g.^=-il0g.j-p^. 

In all these formulse, the integral vanishes when x = 0. If it 
vanish when x = i5, we have 

f * dx 1 (r-kWub 1 a+bhx 

--^==--r^arctang^--YTi— = '^^^ ^^s. 

IJo4.6x« ^ab ^ a+bhx 



s/ao 



V(a+W^)(a4-6x«)| 
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a + 6x =: X 



IT 



*xdx 

xdx 



: XIV. 



J Z " * 6 J X 

Cx^dx _ «^ _ f^ p 
J Z ""23""7j 

ra*cUg __ a* a* 0^ Tdx 

JlT^aZ^P ■*"*« J X 

J X ""46 265 + 6^J 
Jir""56""365 + -^-^Jlt 
Jir"66""46«+26^""65"J X 
J IT ""76 ""56« + l65"""6*+6*Jx 

J X ■" 86 "^66^ + 46» . 26* "^ 6* J X 

r g'oda; _arg aa?^ cA?* aV a^o; a* Tda 
J X "" 96 76«"** 66' ^ 36* "*" 6* 6* J X 

J X "" 106 ^ 8^5 "•" 66» 46* "*" 26* 6* J 

ff 

J "X" '^ 116 ■" 96» ■*■ 763 56* J"^ 36* 6« "'^ 6» J X 



'xdx 

Y 



IBniB0IUI3 or RATIONAL DIFFBBBimAia 



TAB. XV. 



X 






o + 6a* = X 



J X* ""2aX+2aJ X 



dx 
X* 

'o^do; 
"A* 

Vdx 
IP 

Vdx 

■^ 

Vdx 

'ar'da: 
Vdx 



2aX 

1 
2AX 



X 

""2Wr"^26 



1 rdx 

bjx 



+ jn:; log- -^ 



26«X ' 26« 
3ax 



/Vdx_ 
J ^ "■ 

J Xa "* \3b "" 36« 26» / X ■*" 2P J r 



U ^ W } X 26« J X 



/«• 3aar* . 3a'\ 1 , -^ , v 



J jp - 



3a« 



7aa?* . 7aV ^ 7aV 



'*M 7a« rdx 
?^; X "" 25^ J "? 



fartb /a:* aafi . a^ 7^\ 1 2a»- «. 

px««d» _ /«» 9ax» 3a*g* 3«^x» 9«*«af\ 1 , 9a* C^* 

r«»'d« / 
J ^ *\ 



»* 5ag» 5<fttf 6aV 




1 . *»*i^ V 



■*T- 



mnoRua^av RunojvjjL jnwFJtvJBtfTUMS. v 



V8a SS/ r« **^ 806 J "2 




xcbe 

IF 

"F" 

Vda? 
F" 

'?^ 






"" V 86 86V -X 

/a«« . 3a«\ 1 . 1 , y 



C7fi^ _ /?^ L 25aa:> 15a^a \ 1 _ 15a Tcte 

J IF"" vT'^'iF'+'lSS'ySi 36^ J JC 



J ^r^ 






7aa?* J76rf»a:« 



.56 



3fla»ar \ 1 , _ 

+ 86* / X* 

^ 86* J"* 



6ttV 9g* 
6* ^26 



. 21aV , 105aV 



US 
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tAB. 


XVII. 










1 






J (a+6x«)* 


« 






a + ^a?« := 


X 




rdx 
J ^*~ 




56a:» 


llxX 1 
^\Qa) X? 


, v5 fdx 
^16o'J X 


r 

i 


pxdx 


1 
6bX^ 


■ 


• 

I 




- -'. • 




■ Vl6a« ^ 


6a 


a:' ^ 1 
166/ X^ "^ 


1 , fdx 
16a«6 J X 


• 


Cx'dx 


/ ar« 
^■"46" 


a 
. 126« 


7 -X^ 




" 




■ Vl6a 


66 


1667 A3 ^ 


1 rdx 
16aA» J X 




px'dj: 


r or* 


26« 


a«\ 1 
665/ ^ 




- 


rafidx 
J ^* 


• V 166 


5aa?' 5a^a:\ 
66« 1667 - 


1 6 pdx 1 
Y> ' 166'Jx. j 


J ^* = 


/aoar* , 


9a«a:a 
465 


lla'N 1 
+ 126V -^' 


- + 1 '^- ^ 


i 




' \Sh "^ 166« ' 665 ' 16^4 ) jp 


35a . rdx 
166* J X 




/a* 6aV 
" V26 h? 


9o5x« 11 
6* 3/ 


F)i-^"'oi-^ .. .1 


px'«d« 

J X* ■ 


If 
"^36 


3aa?7 
6^ 


231aV 
166^ 


35aV 
26* 


105a*»\ 1 
166» / -2P 


r ■• 


' 




• 




105a3 rdx 
+ 166* J X 


f*"di 


" U6 


46« 


+ 6* 


1 45a^x^ J 
+ 26* + 


55a5\ 1 
66« / X* 


« 


■ 






- 


• 
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TAB. XVIII. 



Cdx_ 

rfdx / 






a -f 6x* =1 X 



/ 356V 3856V 511feg> i^^^^ 1 35 Cdx 

U28a* "•" 384a5 "^ 384a« "^ 128aJ X* '^ 128a* J X 

1 



Vdx 
Vdx 
Vda: 

IP 

Vdx 

15 



86X* 
56V 



5j;\ 1 5 

1286J X* "^ |28a36 



_556^ , J73£ 
128^"^ 384a« "*" 3840 ' 
/ «« a_\ J^ 

V 66 246 V X* 

/ 36g7 llar^ _ ^1^ _ JfL^ -L -L. 
U28a^ ■+" 128a 1286 1286V X^ "*" 
/ x*__ax« a« \ 1 

V 46 66« 246V ^ 






1/ — 

|Vdx _ /_ £^ _ ffl fL'\ 

J X» - 

rj»dx_ 
J ^ "" 



128a' 






/ 5a;7 _ 
Vl28a 3816 



73a?* 55aar* 5a'x 



3846« 12863 



\ 1 5 rdx 

7 X* "^128063 J X 



/— — -. 3ax* _ aV _^ ^\ J_ 

V 26 46* 26* 86V X* 
/ 93x7 ^ 51 lax* 385aV 35a»x \ 1 j5^ Tdx 

V 1286 3846« 3846* 1286V X*"^l 286V X 
Csfidx _ /2ax« 9aV llaV 25a*\ 1 , 1 i y 

J'X^^V15-+ 2F + "36^ + 2465yiF + 26**''^*^ 

'x» . 837ax7 , 1533aV , 1155aV , 316a*x\ .1 



C x'^dx _ /^ , 837qx7 
J X» "" V6 "^ 1286V+- 



1286* 



1286^ 



316a*x\ 
"*"r28FJ 



315a fdx 



J X* ^^26 






lOaV 45a V 55a V 



6» 



26* 



36^ 



1286 

125a* \ 2, 
246V X' 
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TAB. SIX.. 



/; 



x*clx 



(«+4aP)« 



a+ &B*=: X 



IF"" V256? 



635^x* 1476*** SlWc* 



l»8a* 



n6V g37fae* 193g\ ^ 
10a» "^ 128a» "^ 2660/ A 



dti 



Cxdx 



63 TAj 
■^ 266a* J X 



f Ih'sfi 49fcV 
V256a* **" 384a 



76g» 
30a» 



1 J. ^zz. 4. 



79a:» 



d84a 



7g \ 1 
2566y ^* 



J X» "\, 66 



^ " V"* 86 "" 406V -y* 



I , 7 fd* 



'af*dx 



406'' 
/ 36V 76x^ ^ 



V266a5 



*ar*dx 
l/Vd« 



gig* o* \ 2_ 
126« ■" 606»y JC* 



/ J6^ 7arT 

V256c« "^ 128a 



106 






7g» 3ag \ 1 J 

1286 ■" 235J»/ JP 



1281^ ^SF) 5» 

, .3^ nx\ 



IP 
X* 



46 4I6« 86» "" SoTv JP 
V256a 3846 306* 3846* 



7a^» 



2666*/ JP 
7 r<Le 



J 'JP' * V 26 6« 6» 26* T06»/ JP 



BsaE 



INTEORAliS OF RiTIOMAL BIFFESSNTIALS. U 



TAB. XX 



J: 



dx 



x^fa + hsf^) 



o + 6x« = X 









xX 



J x«X ox a J -y 

J?I" 4«r* "^^ 2aV "^ o« J x-Y 

J a;«X 5ax* "^ 3oV^ a>x o» J JP 

rdx _ ^ i_ b _ 6* _ ^ r 

J a*X * 7ax7 "*" 5a^* 3aV "*" a*x "^ a* J X 

fdx 1^ & _ 6^ 6» J. ^ r 

f dx 1 6 6« y r 6> ri 

U x^X "" Wax«»! "^ 8rfx» "SSF "^ IS? 2a*x* 

- *i r dx 

a* J xX 

rdx _ _ _T _6_ 6« y _ ^ 



(dx 
X 



+ S^ + ?J X 



J 



32 
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TAB. XXI. 



/: 



dx 



af^a-i-bs^)^ 



a'\-bx''zzX 



xX? "" 2aX '^ a J xX 

r dx _ / 2 -. ^\ 1 « i*. r^ 

/ 1 ^^JL^^ C 

\ 2ax^ ^) X a"" j\ 

(- 



da; 
xX 



r dx 

r dx _ 

r dx _ / 1 36 . i^Vl r 36« r 



3«wr3 • 3^9^. • 2a^ J X 



+ o^, ) V +2a3j X 



r dx _ / 1 

J afiX^ "" V 5ai 

f— =f 



4a'x* 
5ax5 ^ 15aV 



do; 
xX 



'^ Sa^x 2a* y X 2a* J X 



i_ b _ J;! _ 26^ W _ 4^ f df 






3a«a;^ 
96 



a^'x' 



35aV 



36« 
5aV 



363 9^ 
+ a*ar "*" 2a 



+ 



J a: X^ V 



i') X 



2a 



1 



+ 



56 



56« 



24aV 



12a'a^ 



+ 



56^ 



+ 



5^\ 1^ 



+ 



116 



116« 



9aa:» * 63a«a:7 



35aV 



+ 



4a*a;« ' 2a V ^ 

66* Yi^ 
'^ a^ JxX 

IW 116* 

15d*a:» 3a*x 



f-^ = (- 



2efi } X 2a« J X 



1 



lOoi'o 



+ 



36 



20aW 






3i» 



2o»a» 






^ 
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TAB. XXII. 




f.^ 


/3 , Si-X 1 , 1 f ii« 




m 


=(- 


ax 8o» 8a' >.5»" 8a' J X ' 




fA 


=(- 


1 M aJVV 1 . 36 rcfe 
2a*« 4a» 2a* J X* . a' J «]t 




[^ 


=(- 


3a^+ W. + Mo- + Sa- Jx>+ Sa' J X 




m 


=(- 


1 , » , 96- 34'i*v 1 6*' r-d. 




fit 


'{- 


1 3* 214' low. . 63tei" \ . 1 ■ 

&«• "*" 5aV Bo's! 8a* 8o> ) X* 

636' r'i« 




)i4 


<- 


1 «J 5*> IW 6»';e^ 1 
Qaafi'^ 12aV 3aV 2o' a' / jp 

loj" rdi 




f^ 


<- 


1 , 1I« 336* , 33b> , 1654'* * 
7«^+ 35.W 3W:.- ' S*. ' 8.' 
i : , mH-n^ 1 , 99J< fd» 
+ -8?-j^ + -8yJx 




f^ 


=(- 


.8«'+ 4.V 8aV + 2.W + 4a' 
I . , I5i'»=\ 1 , 164' fclr 
+ 2.*' j JP+ a- J .X 




fiSB' 


.(. 


1. , 134 HSJ" , 143S" 143»< 
"aw* 63rf.> -3lSa>.' + iOW.- ISa'i 








- TISS*. I43J<j:>\ 1 143S> ni* 
24I,' 8a' ^I»- 8.'Jx 
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ss 



TAR XXIM. 



J*" 



dx 



a^a-f 6**)* 



d + ia* = 2f 



/ 11 56^ b*x\ }^ 



2 fi* 



=( 



16a«'" 6a3 ** 16aV X» "* TfiS? J ^ 
3ax» 3a« o* "" a^ J X} '^ a* J xX 
V ao*' "^ a^x "•" 16a' ^ 2a* '^" 16c*' / J? 

6ft*x*\ 1 



1 



*" V W "^ 



5^ 

4aV 



656« 25^x« 
*** 6a* "*" 2d* "^ 






! 
6ajr^ 



lU 



+ 
33B« 2541^x 



4k I .— ^ 

dW JP 

106« 
o' J xX 



\tiiW 



2316»a? 



80ii« 



Sttz" 



+ 



16a« 



-1- 



2o»it» 



2a5a?» 
106 V 






t* jxX 

"* 2d» 

23iy rdx 
16a« 



J-s: 



256V 
d* 



/^"'X-ii^^ 



1»^ 



) X^ a« J xX 



14S6' 



35aV 



, 4t96» , 



lO^A^k:' ' as^'x 



xX 

471Wf 



1436*x> ■4296«x*\ 1 



+ 



BBSBSBBS 






+ 



4296« 



* '2a» ' 16a' 

I n' w . ^^ 



dx 

X^ • 16a7 Jx 

:356» . 3856' 



^ 1756V J 356V\ 1 



4a» 



2a7 



\ 1_ 356^ rdx 
) > + a' J xX 



vl 



J^XWaWtli* pe »4TfQNAL J^lPJSRBHtJAp. j» 



^ M^T - .1 ■■ 11 1 ii ■ I t wwi^y 



J 



cLr 



TA^. XX.iv. 



a«('a+6»V^ 



a + fear* =1 X 



J aX* "^ (; 

Ja»ip'^ V ax 



24a "^ "5?" "•" 4^ "*■ 2o^ / X^ ^ a^ J xX 



g37te 
128a« 



2oV 
15336V 

128a»- 
3156*a:7\ i 



115563|y* 

K8^ 
3156 rda: 



f— = /' 



f— = f 



Cdx _ / 1 



128a 
1256 656V 356Sa:* 



\±_ _ 3156 p 

y X* 128a* J : 



24a« 



6a3 



4a« 



_ 56V\ 2^ 
2a* / X* 
^56 rdx 
a J xX 



I lU^ 9e696«a; 5621^ 42356V* 

3<^«?'^ 3a«ar "^ r28a» "^ I28a* "^ 128a* , 



+ 



il556V 
128a« 



\ 2. 11556^ rda? 
7 X* ■*■ 128a»J X 



""^ 4a»*^^ 



36 



Sa*** 



+ 



1256' 
8a» 






128a» 
1056V 



2a* 



J^""! 



l^ 136 



J^6*^\ J^ 156^ r da 
■^ 2a6 y X* "^ a« J ar-5 
1436« 398976'x 730736*4? 



15a3;^ 640(i* 64Da* ' 

miWx*^ m>3f^xT\ I 30036' 






l??<5t« 128a7 

|6a^ "*" 12aV 2a V 



A 2, 30036> rd£ 
7 X* ■" 128a' J,X 
87$6» 455^V 



24a* 



6a' 



_ 2456*g* _ 356^\ 1 356^ Cix 



4a« 



2a7 JW 



C^ — / ^ , 36 136^ , 1436» , 1 

J5^"^\'^ ^7 + 19255 - 7^5?^+ 75? ^'' 



1196916** 



313176i^a:» . 2 35956V 643567x7 \ -1 

128a7 + i28a8 /x* '*' 



128a« 



+ 



B96a* 
64356 



12»a« 



gx 



.p« 
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TAB. XXV. 



■ 



2l23bx 26076V 231feV . 1 6175V 
256a» 12Ba' I'Od* "l28a« 



rdx _ /137 • 775j* , 476 V ^ .9JV ^ 6}»1\^.m1 f^ 
J x-X» "*■ Vl20a"^ 24a« "*■ 12a' "*" 4a* "*" 2a»7 X* "•"a* J x]f 

J x«X» V a* 

6936V \ J 6936 Cdx 

256a« y X> 256a« J X 

f— -f- 

1__66 rdx 
K^ o» J arX 

JifL - r 1 f ^^^ I ^"^^QQ^'^ 112976V 
a:*X» "* V"'" 3tia:^ ■*" 3a«ar "*" 768a» "^ 128a* + 



/: 



dx 



jc^a+6a:*)' 



a + 6«* = X 



cb / _J 1376 776V ^ 476V _ 276V 

2ax« 20a« 4a* 2a* 2a 

36V\ 

"^ a« yx^ 

10016V 



70076V 30036V \ J[_ 30036 * Tdx 
■^ i28tt« ■*" 266a7 J X} ^ 256a' J X 



rdg _ / 1^ 76 959b* \ 639ya?« , 

J a?*X» "" V 4a«* "•" 4aV "^ 40a' "^ 8a* "^ 



3296V 



J a:«X» ■* V ** 6ax* ^ aV a»; 



4aV 
1896V 216V\ JL . ?1^ r^ 
+ 4a« "^ 2a' y X* ■•■ a' J xX 

275996'x 338916V 



a»x 256a* -128a* 

30036V 210216V 900967xA 1 



JF^ \ 6ax^ ^ 



10a« 128a7 256a» 

26 146« 9596* 5396*x« 



?A 1 ' 90096* rdx 
') X* 256a« J X 



3aV 3aV I5a* 3aV 

6586 V 1266V 



66V _ 286V\ J^ 566* rdx 
a' a« y X» a* J xX 



30*^ a' a« 7 X» a* J xX| 

4691836*2 



rdx _ / J__ > 176 176* 2216* 

J x8X» ""V 7ax7 ■*■ 35aV "^ 7a*x» "^ 7a*x "^ 



1792a* 
5761476V 72936V ' 5105I6V . gl8796V \ J^ 

"*" 896a'>. "*" 10a' "*" 128a» ^ 25(Sa» / X* 

218796* rdx 

■^ 256a^ Jx 



INTBGTtALS OF RATIONAL DIFFERENTIALS. 3* 

TAB. XXVI 

f .^f 

J (a+bx+af)" 

• + ir + Car* = X, 4tac—li^ = k 

-y = I -^ [see the following page.] 

pdx _ 2ex + b 2c rdx 
} X*- kX "^ kj X 

C^ _ f i , 7c , 35c* , 35<^ ,„ j.j.\j.^*'''T'^ 

f Ac _ / 1 , 9c . 21c* , 21C , 126c* V,„ 
|J Ip - ^sEp"*" loi^F +6P]P ''" 'Vx^'^l^j <-^'^+''^ 

X ^^'''^ f^ 



r*** - /, ■■^■- lie 33c« TTc* 77c* 462c* \ 

U XT *" V64JP "•" lSk-X> "^ lOA'A* ' 5A*JP ■+"iWP+" ^sx ) 



2U«X" ^1054'Xi ' 70**;P ' SA'X' 



J X' ^ 8*3 



^ atP ■ SS/fiJC ^ 28** A» ^ 1«*X* ^ 28*>JP ^ 24«X 
. 2145c« , 6435c'\ ,„ .... 13870c» fix 



9B INTEGRALS OP RATIONAL I)iyFMfe!4tlALS. 



Note on the preceding Table, 

When X retains its signification in the preceding page^ we have 
in general 

V'(4ac — 6«) ^ ^(4ac — 6«) 

1 , f^ci+ft— V'Cft'— 4ac) 

log. 



rdx 



V(ft* — 4ac) ^ 2c«+6+a/(6«— 4ac) 

The first form is real when 4ac — 6^ is positive ; the second is so 
when 4ac — h^ is negative. Hence there arises 



; 



I. 4ac — 6' positive (4ac — 6' r: A.) 

da: 2 ^ 2ca?+6 2 h/* ^ ^^ ^Zv'cX 

— =-7; arc tang. — 77-=— 7; arc cot. o , a=-77^csec. j. 






2 2^cX .2 iv/i .2 ^"^^.^ «car4-^ 

= — sarccosec. ^ ^ , =—r^ arccos.— *--*— 1= — \ ktt^tcL, • ■ 
j^k 2cx^b ^k %/cS: ^k 2^cX 

1 . C2cx-\-bWk 1 ... „, / it ,\ 

=.^arcsm.V ■ ^^ . ^ ,,^^arc co^.(^^ 1 j 

1 (2ei4;+6)« 

==-7i arc sin. vers. . ^ ■-- . 
y^ 2cX 

and when I ~ vanishes by putting a:=iO, 

do: 2 x\/k 2 2o+6a? 2 24/aX 

— =-7rarc tang. ■; — — =- =— n arc cot.- — rr-=-7iWC sec. • ^ - 
X s/k ^ 2aArhx sfk xa/K a/K 2a-¥bx 

« -Ti are eofec. .l = — ~ iirc sm. ^'\ ■ ,, = -7= arc c^s. ^ • ■ ; ■ ^ 



/ 



i . (2aa:+ix«)4/it 1 ib* 

ssfe-r^lurc sm.^^ ^ ^ = — rr arc sin. vers tt-^* 

Jdx 1 . 2ca?-t-^— yit^ _ 2 . 2cj+&— -v^i^* 
and >vhen the Integral vanishes by putting xirO 

^ "" v/jfe' ^* (6— v^;fe')(2cx+6+\/^0' 
In both kinds Y>f iBtegrals, V^ an4 ^/JE^ may be taken either 
positive er. negative. 



! S ' - ' - ' t-»'"" l ' » " »■■ 



11 


■TTBOBAIS OF I 

J~[seetheprec 


tATIONAV DIFfBBKNTfAU. W 




TAB 

ft. 


xxvii. 




.+'»*+"' 




fa+ .»•= X 




fx= 


eding puje.) 




f* 


1 , „ 6 fd* 




f^ 


_ at 


-iloB-^ 


^(S-f)J$ 




f? 




-^(£ 


-i)-.-(^- 




f¥ 


3c" 


-&-+(^ 


, / 6' lab* 
+ 12?'- — 




fl^ 


'£- 








f^ 




tf lb' 


-^:)J=?+^/^ 




j-^' 


"5" 


b^.ib' 
-55+135 


-*)--(?-f)/ti 








-(f- 


"?)/¥ 


f¥ 


~7c~ 




■f/^'. . 




r^ 




7c' + \.<f 


_,)j-^^.j-^ 





INTEOitALS or BATIOKAJb njFFSggSdWMI. 



TAB. 



X 



xf^dx 



(a + &F+car«)* 



a-f 64; + ea^zrX, 4ac*^b*^k. 



'dor / 1 , 6c , 10c3\,^ Lix^^Oc'fdfl: 

f. — — 1 _ b rdx 
*" " "■ 6cF "" 2c J X* 

* "" V 5c ^ i5gv x^ ^ V5c» ^ 5cy J a? 

^ *" L 4c "^ 20c« k60c» ■*" l2?)} X^ 



J 6» 
V20( 



3a5 
20c» ■*■ J0<?» 



)/$ 



£)/* 






3c " 6c^ ^ 15c5J Z^ "^ V 5c» "^ 
"" V c 6c«'*2c^ 6c7 3P /* 2^5 J JP 



di 






tMm 



56x7 \ J_ / 106« 
2cV X»"*" V c« 



4a\ f «Mx 35a6 Tac^c 



2c» 



IMTBOBAU OF RATIONAL BIFFERENTULS. 



pid» 1 i f ij 

J TP" ~ »cX' 21 J JP 

J X' ~ \ 7c "*■ 56cV X< "•" yii<? "*" 7c/ J X* 

J ■^"L i«"'To3 V lose "''35c' / ' "*■ SSOc'"'" KOc-JX 

+ (,75?+5S? + 55?jJi 

J JP ~ V^4c^6c'"''21c> 56c*^ 2ic'} X* 

/ai' , 3a'6\ /Ma 
-lOT + IJtfjJl' 

J y ~ scX'"*" 3cJ X* ■*" at J JP 

J JP V 2c 5?yx>^ Wc>^ c/J JP ^ 3c" J^ 

fxMar /5ai' 35a«\ Px^ 
J"X!""H~"'"3?^J JP 
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tab; XiLXII. 



(a-^- bx + at*) 



o + 6x + ex* = X, 4ac — 6^ = A 






+ 



9c 



+ 



.21<^ 



5*X* ^ 10**X*^ 5ii^X» '^ ifc*X* 



+ 



21c» . .126c 



lAiii*. 



+ 



m^' 



cx-\'b) 



+ 



J jdjT _ ^ 1 ^ b_ rdx 



252c'^ rix 



C— ( 

J x^ ^\ 



ordr 

'ac'dx 

x^Ax 

*ar*dbc 
5»" 






X 26 
9c "*" 45c« 



6x 






= ,--^.-_*L_^^l _f^,+ 



a6\ rdx 

8c ' 24(J« ~ eOc^ 40c«y X* Vl2c« ' 6cvJ X 

"" L 7c "*■ 28c« V84c3 '^ 21cV* "^ 210c*'^420c'/ J X 

"*■ V42c?* ■*" 7c» "^ 21cV J X 



42c* 
X»" 



X»" 



X» "" 6cX*""6cJ X» "•"ScJ 

J X'^ "" 5cX*+ c J 

rg7dx_ / g<^ 6j?^ . g3g*\ 1 - g> T; 
J X» " V 4c 20c« 4cV X* "*■ <ja J " 

X» ■" L 3c 6c^ V30c> "*" 

3c» J 



!x'dir 

X'" 



7<i 
15ca 



7 * ! 6c J X 



+ 



'x<cbc 2g^6 
X8 "*■ 3c3 






dx 

X» 



^ ' 1 



INTBORALS QF . RAXIOJ4 AL DIFFBRBNTIALS^ if 






/ 



TAB. XXXIIIJ 



dx 



«* fa + 6x,4- ex^) 



flL+ *a:-h c««=r X 



J a:Z"" 2a . *• JT 2aJ JC 

rdx _ _ 1 J_ I ^ , /^ c \ rdo: 
Ja:»Z "" oo; "" 2a» ^^^' if + V2a* ^ a/ J X 

J ar^Jf "" 2aa;a+a»x "^ Ua' 2aV . -^ V ««" 2aV J JIT 

J ar^X * 3aa»"*' 2aV U' a V "^ Ua* aV ^^' Sf 

/_6^ _ m b« \ r da 
^ V2a* a' ay J X 

V - ■ » 

rdx 1^ 6 r dx £ rdx 

J a^X "" 4aa?* "" a J a?*Jr "" a J o'X 



1 



4- 
5aar* ^ 4a«x* 

-L + Jl. 



Jar^X"'" 



+ 



a-7*!_l^ fdx be r 

*" V6a» Say ar* "** V4«* ^ov ^. 

/5*^36»c ^\ rdx /yc 2^^ rdx 
W "a* "*" aV J^X^\ d* a^ ) J ^X 



da: 

2hc\ Cdx 
a-Jjx'X 

dx 
?X 



70*7^ 6aV 



J'd« 
-= does not vanish when xziJO, because then 

log. :- = log. =: — 00 . Moreover, we have log. -= =: — log.-^. 



<M INVBORALft OF RATIONAL VIFFSBXKtUIA. 



2aX^ 20* 



. a* b fix i r^ 
'°^* X ~ 2i J :JP " «a«J T 



JxX*~ 
fdar_/'i b\l b, «*./*' 3c\ -fdg 

e\ I , /36» r\ , *' 






TAB. XXXIV. 



/: 



d:r 



«• Ca -f 6x 4- c«V 



« + ^* + car* z: JT 



/. 



d:B 



"■ L 3ax» "^ "5S^ "" lc*3 *" 3aV « ^ a*"^ a^ J X 






li 



f2b* _ mc\ rd« 



rjb 1 5_ r 

J x^f*"" 4ox«X 4a J 






C ^ _ ( 1 



6(ur* "^ W)aV 



dx 3c r dx 

36 W _. / 36« 7c \ r 

/ X"^V2a* ""5a/ J 

96c 



+ 



5a« 



J x^X^ "1 



/ 



cLc 
dx 



7* 



6ax« "*■ 30aV 



Uoa^ 3aV ar* J X 



J 



dx 



x«X* 



/7y 336c\ r dx /216^c 2c^\ f dx 

I 86 r dx 9c f 4x 

7ax7X 7a J x'^"" 7a J x«l?* 



»^^r^^~»" 



BS 



^ 



XMTEGRALt COT UATUmJLL BIFFBRfiKnALft. 
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TAB, XXXV, 



/■ 



dx 



x^fflt+- to+car«/ 



'i f ■ -i[ " 



ua 



fir 1 , I ' 1 ' ar« i rdx ^ rda 



4 -4- iar -h c»* z3 X 



do; 

d: 

X\ 



C dx ^ 



5b 



Wa' 3aV ar J X« 






dx 



\ a» avJxX^ V3aV 3aV J ] 

4(w:*X» 2a J :ir*X» a J x»^^ 



V S5»* "^ 20aV/ -^^ ■'"VlOa* 5a/ J' 






46 



IfiaV 



VlOa« >6a/ J x'S^^ 

v 



C d» 

tt^BBBBBHHBI 



\15a3 12aVJ ^ "\ 
_ /14B5 _ 496e\ r dx _ mVki 14)cA T tli 

lie p dx 

7a J J¥ 'i 



1 _W P Ax 
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TAB. XX^YI. 



f J 



bx^rcx^y 



# +. fc» +. «c* = X 



N»_ 



J «X* "" 6aJP "^ 4a«JP "^. «a»XT 2a* . *^' X .2a J X^ 

2a«Jj[P 2a»J-X» 2a* J X^ 

Ja:«X*"" axX» a J xX^ 7 J X' 

Jx'X* ^ \ 2ax» "*" 2ax« 7 JIP "^ \ a« 7/ J arJ: 



+ 2a« J' If 



da; 
a?X* >^ 



r da; _ r 1_ ^6 /56« _, 3c \ 1^ 1 J^ 

J «»J!r* "* L 3a«» "*" aV \a' a« / x J X» 

J or-X* "" 4ax*X» . 4a J ar*X* 2a J 

r djc _ / _ 1 ' 26 \ J^ , /i46« ^llc\ ' rd< 
J afiX*'~\ aax"* "^ 6aVy X» "^ Ua* "" 6ay J u^X" 

46c r dx 
T'«^J«»X* 

r dx _ r 1 . 36^ ' _ /36^ ^ ^ JL 1 -L 

Ja'X* ""L 6aa;« 10a««* V5a» 2aV «* J X» 

/ 21fe> _ 346c\ r dx _ /66^ _ 6£\ f At 
*" V 5a» . ; 6a^) Jai'X* V a» aV J x^X* 

r dx _ I _ 106 r Ar _ 13c^ r dx 

J a^X* "* "" 7a«'X» 7o J ar'X* 7a J *«X* 



INVB01Ui:i& -OP.'RATiONAL-DIVF)BKia^iEALS. 49 



TAB.- XXXVII. 



/ 






a+ bx 4" cac* r:«X 



■MMrt^MMaMcaba 






5-i 



1 



r + 



1 



8aX**^^JP ' 4a5X* ^ 2a*X 



+ 



1 



1 i* 6 jrdi 



2a^Jx* 2'a'J js^ 2a* J X* 2a' J X 



p<Lc' 1 56 rdx 9c pdx 






J x*X' - I 



dx 
\dx 



f— = f- 



2ax* 



+ 



^VJL A^ ^\ fAr 276c-fAr 



3da^ ^ 6a«a^ 



/35y 306c^ 
*" \ a? o« 



\ rdx _ / 63^0 _ 33^ rda 

7 4aa?*X* a J "^S** a J 

96 \ 1 fl^^US\ C— 
J 'S\'^ \5a^ Sa )"J x*X* 



d« 



6a«* "^ 20aVj 



39c^ r'dx 






85?^ 3rfj^ 



(W 96cyr da? /ia<^ 7^\ r 



ix 



rdar 1_ 116 T Ag 15c T dx 

J «»X* "" 7a«7 "" 7a J x'X* "^ 7a J afiX* 



$0 IKTfOJRAM .9^ J^TIOKAL DiPFXIUllfrUMh 




^ - -JL 2^ f dstt He ^d« 



dx 



L 3aj 



2aSx. 
4k 



3a»5 "^ 3a58BHt 



-. /?5^_ !?f-\n 2 



\3a» 



3a^ 



)i] 



JP 



Voi^^ a« /ji^ V 3d& 



3a« 







4'a JS^. i?J««P 



ibi_/^; 1 6 \ 1 / 9b^ 3c\ C 



3c\ rj^jTbc r ix 






: /agy^ 23fe\ r &r . / »»yc 28c» \ pdr 

\4a? 2ali/Jx^JL^ V 6a' 3a« j J x^X* 



3o%^ir? u^^ ^13?/ F J -li^^ ; 



r dx _ 1 m r da^ nc r 

J a:»X» 7ax»X* "^ to J x'!^ 70 Ji 



dx 
x«» 



» 



IF 



10)^ KAtlGfHAL tfMftM/imias. M 



mmami^mmmmn 



J« + 



TAB. XXXIX: 






(a and fi posMre or negative.) 



.1 , 




- . - • - 




a+la»=X, \fj = k 


■ 


.... ..... ... i..:.^--- . 


I- '"»'"; 



^ = |i (* '^^-."sS: 



r«4 k) 



kx+k 



+ i/3. arc tang. 



2^ 



^y 



--1 

3bk 

1 



* log- ^.„i^l^« - i/3. arc. tang 



xV3 



x2_ib + A« 



• 2A 



s) 



ae^da: 




= 3j log. X 

^ X a rd« 

x' a Tardx 
^26^TJ"X 

""46 6« + 6« J ? : 









xf ^ 



TTT^ 



I ' l t ( 



The Integrals f^, fe' ^ here cdiMderetf ewe^dt 
when a:=:0. Moreover log. -r — , . ,o = log* — ^"^P^ — -• or 



introducing the constant^ zt log^ ' V ^ ' ss 5"l<gp^-y=ir-r' ^ 




B S 



1 
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TAB. XL. 






a + *«' = ^ 



T 



Jxda _ j^ J. i. f: 

J X* " 3Wf "'"36jx 

Cx^dx a 1 

rx^dx _ /«^ , 4ax \ 1 4a p 



*xdx 
X 



dx 
X 



Isdj? 



J Xs ■" Vl8a« ■•" 9ay JP + 9a« J X ? 
J X* "■ V 9a^ "^ 18a/ X« "^ 9a« J ' 
J JP "" 66X» 

J jp ""Vi8« 96yjp+§sfj3r 

rar*dar^ /?! _ J^\ i . JL p 
J X5 ~V .18i 96V ^ 965 J X 



(Vdx 



"^■r 



/ : • 
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TAB. XLI 






-\-bx^y 



a + b3i^=:X 



Cdx _ 



dx 
xX^' 

J ds 

r dx 

I ■■■, ■ ti 

J x'X 

dx 



loff. X log. X . I ' x^ 1 , X 

-"^ 1— =:^ log. ■= = --- log. :^ 



da ~~ 3a 
'xdx 



3a 



ax a J 
1^ 6 rdx 

rdx __ 1 , 6 ^« p 

jx'X ~ 4ax* "*■ a«x "^ a« J ' 



/ 



dx 
xTy 
p dx 

dx 
X 



*xdx 



J*' 



5ax^ 



—" C— .4 I 



2a^x« 
b 



r + 



a^j X 



6cui^ ^ 3aV 



6« , X 



rdx _ 
rdx _ 



dx 

xX» 
dx 

xTX» 

rdx 
lx»ji:« 

rdx 

dx 



J^ 1_ X 

3aX 3a« ^^' x» 



'xdx 



V ox 3aay X 3a« J 

/J 66x\ 2 _ i* f^ 

V 2ax« 6aV X 3a«J X 

V 3ax» 3aV X"^ 3a« ^^V 



J x*X» ""V io? T 4a»x "^ 3«V. X '*' 3a» J X 
r dx _ / 1^ 46 46^\ JL . §^ f^ 

J -«X« ■" V 5ax» "^ 6aV "^ 3aV X "^ 3a' J X 
rdx _ 

J x'X« - 



V 6ax« ^ 2aV ^ aV X ^ x^ 



M IRTJEGbBAIiS OE RATIONAL BIFFBRBNTIAM.: 



T&3: XLII. a. 






Ca and 6 have the same signs.) 



a + bx* = X,4fjzzk 



r^ = -0- flog. i!±^<H±S -taart tans. *£S^^ 



1 . , & 



2jp arc tang. ««^- 



'x^dx 1 , y 
^=^log.X 



J ir = 16V2 (" ^"g- x'-toyal** -'-^'^'^' pcb 

> 

' rx*dx __ X a /* dx 

J~x ~t~tJ X 

rx»dx _^ _± p a?*dx 
J X ~ 36 6 J X 

■J~T-4b~Tj~T 

f 

J X ""66 26+^J X 






a:*dx X' aa: a* T dx 

""■56'"T^'^65JX 

*xda[ 



Wc have log, *^ jT .^ -f cQiiftt.=2 Iftg. ^ .^ / ■■ 



^ consty and toe tane. -j-- — u. — arc sec. 77= — TTT =? ar^ cos. 



iMTmmm, or- ^xi»^j^ s^g^fmfivuis. «^ 






TAPl 'XLJI. « 



iae"da: 
A? 



yOTSiiu ^ hAf ing diueicut tfgii9;)[^ 






*xdx 

IT 
T 



sF('^-^+2*~*«*--ir) 






1 A «+* ^ «\ 



The remaining Integral as^ ih tab^ XUI.^. 






[n the same manner 



log. J--J + eontt 2r log. ^- ^ congt. 



- \ 



! . 



Si 



•■■«»■ 



HHf 




6i IHXSOBAIiS OE RimONAL BIFFSMNTUU.: 



■MfiM^^W^^Wi^ 



: XLII. : 






(a and 6 have the same signs.) 



o 



f^ = _a_ flog. £±*Ly3i« 4^a^ tang. *J5e.V 

' Tar^dx _ a; a T dx 



xdx 

IT 

'a?*dx 



J X " Hb b j X 
Vda: ap* a Cx^dx 

T "Tb^Jj'^ 

j rx^dx _ X' ax o* r dx 

r »»dx _ f^ _ f;^^ I f^ fjrda; 
J"X"~66~ ai+^^J X 



; W hare %, ±h*3^^4±£+con«t=2 l«g.fy±^^ 



+ const, and ktc tan^. —-^ = arc sc^ ^^^^ = arc cos. 

V^-xV^ 



itifmmm;ov^ jikAwm^jb, »wmmivuis. m 



TAP. 'XLII. i 









■^^■■■l* 



X 

*xdx 

IT 



= ~W0^S. ^ + 2aictaiit:.4) 



1 I «H^* 



= - IXJ (log. — - ^ 2 arc tog,^ j 



The remaining Integral as^ ih tab^ XUI.-«. 



i'.-;- 






^1 it* 



[n the same manner 

x+k 



log. ~- + eonst zr log. ^|— -^ conlt. 



, . 
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prdx gg j_ L r 



TAB* XLIIL 



J afHir f 



+6x*> 



o + 6a?* = X 



xdx 

T 



1 

46X 



J X» "4aX + 4aJ X 

ra:*dx _ X 1 pdx 

J IF "" ■" 46X "*■ 46 J X 

J X'^ 46X+26J 

X^ "^ 46X"'"46j 



xdx 

xMx 
X 



"" V32a« + 32a J X« "^ 32a^ J X 
'36x« . 5x«\ 1 .3 fxdx 

X 
/56x7 . "9x'V 1 . 5 Tx'dx 



"" \l6a^'^ I6a*) X* "^fia? J " 

V32a« "^320/ X* "^ 32rf» J " X 
1 



SftX'^ 



/ X* 3x\ 1 3 rdx 

V32a '^ 32b) X« "^^ ISST J X 

\\6a 166/ X'+SajJ X 
/^ _ x» \ 1^ 3 rx«dx 
V32a 32a6 ) X^^ 32abJ ' 






lK1*B6ItALS OF ^ RiLTiaNAL : DIBFBRBNTIAliA MT 



■ 



mtm 



mm 



r_jf^ f- 



xijy. 



dx 



a+ftx*/ 



a+ bx^zzX 



log* X log. X __ 1 . ** _ 
""a 4a" "■ la ?: X "" 



1 , X 



ar'^X 



2 

2ax« 
I 

1 

1 

1 



xMx 
xdx 



ox a J 

a J *X 



+ ri: + 



a^x 



+ 



6a«« ' Co»a* 



a»J X 



!ardx. 



TC "« 



'"4aX "^ 



a J xX 



x«X» 



dx 



!a^x 
IT 

'xdx 



A «« 4aV X 4a«J 

\ %ca^ 4aVX 2a« J 

A 3ax» "" 12aV X 4a« J X 

V 4ax* 2a VX a^ ]\ 

(- 



^. » 



dx 
xK 



95 V\ 



^ 4aVX T4«'J 



!xMx 






+ 



66 



6aa* ' 6a^ 



+ 



4^ 






'xdx 




trnmaWLAXA of RAnONAL. DIlFUEirfUM. 




+ »«' 

(a and b positive or negatire.) 



I K ^1 ' M 



1 



u 

a^ — 2ibcos. 36"+A^= T 
a?« + 2*« COS. 72" + A« = r 



X sin. 36° 



= z, 



X tin. 73^ 



^» ' 



k—x COS. 36° ' A + a c<i«. V2 



=^r 



J -y " 

Cxdx ^ 

pe«da>_ 

J jr ~ 



I C— COS. 36° 

1 f— COS. 72° 
56F ^ +^^«- 3^ 






^5 

6M' I 



COS. 72° 
—COS. "36^ 



1 C COS. 36° 






1 



log. F+S? sin. 36° a^c 
log. F+2 sin, 72° arc 
+log.(«+A) 

log. r+2isin. 72'arc 
log. 1^—2 sift. 36* <tie 
^log. (ar+A) 

log. y+2 sift. 72*Wfe 
log. F— 2 sin. 36" arc 
+log. (»+^ 

log, Jr+2sin, 36* arc 
log. r+2 sin. 72° arc 
—log. (af+A> 




tang. Z 
tang. Z^ 



= ^log.X 
— ^ a rdx 

- f! -. f. f^ 

26 6 J If 
""36 6j X 



mm 



IVFBORALa OF RiJrtQJfAI* DtfVKSINIPIMJMI <• 






. XLVI. 






ordx 






J ^ " 

J X« = 
rx'dx _ 

J JPI"" 

J X- ~ 56X"*"66j X 



5aX 

r 

6aX 

1 
SbX 

X . 1 f d* 

x» . 3 rx«dx 



T • 



^mtf 



*.u ' ^ 



!25if .!£iii^= 1 w. ?1 =-^'^i 



r 6x _ _ JL _ * r 



6a -5a*^^-X 



x«X 
dx 



J x'X '^ 2ax* a J 

J x*X 3a«» a J 

fdar 1 ^ rd« 

Jx*X "" 4a«* ajx 



ar^X 
dor 
«*X 
dx 
x*X 
f dar 
Jx«X 



'jT^dx 
X" 
'a*dx 
X" 
xdx 
"X 



\ ^^ 



< , 



•> 



- 1 






.1 6 f dx 



' « 



. L 



6«w*^oV 



J. ** 1^' 



i^. 

X 



I 

J 
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TAB; XLYII.a. 



/: 



(a and 6 have the same signs.) 










rx^dc_ 1 
J X "" ooA* - a 



^ arc tang. x>^- 



J ir = ens (^ '*>«• (x^+AT +^3-"'^-2ic:^J 

Cx^dx 1 , 
J__^_.log.X 

/Vdat _ « - « I'd* 

J x -T ijx 

J X - 26 ■" i J 

J X -36 6J X 

fz»dx «« £ r a^dj 
J X =-'46"" 6 J Xj 



'xdx 

T 



These Integrals vanish altogether when x=0. We also have 



l 



4" 



IimBGlfALr dl^ RAtiOJiAli DIFMRBKTiALS. m 



MMI 



TAB. XLVIi: b] 



/; 



xMx 



a + 6a:® 



fa and b having different signs.) 






Tardx _ 
J ^ "■ 



X 

a;dx 
X 

X 

F 






+ ^3 . arc tang. 






— 1 
66ifc« 

— 1 



[i log. (^^>y + i^3 .: arc tang, ^j^^j j 









ar*+*V+** 



— V 3 arc tang. 



*V3 



(ar^-A«)« Z' '=»'2A«+xV ^ 

— 1/-, (*+*)»(*»+**+«o ., ^ ^'v'aM 



Thie remaining Integrals as in Tab. XLVII. a. 



The Integral^ yanish altogether .when xzzO. Also 



(x^C.ik«y 



m umnfLtie or 'stAimmn 9Uftmwium. 



s= 



TAB. XLVIII. 



/ ae"dag T 
(o+6*«)»' J" 






+ 6«* = X 



J 5i - 

Tsdx _ 
J A» - 

J x» '^ 
J A» - 

P 



*xdx 
X 



6aX''"6aJ X 
1 

^15* 



• I 

1 



X 



J JP - 



1 rdr 



X* l^ Pxdx 
6bX^3bj^ 



ITT 7^r .r rn 



lA-i^i 



■ ■ mtn 



C— - 

rix _ 

Jx^X~ 
jx>X 

rix _ 

Jx'X- 

r6s _ 
rdj 



a 

ox 



6a 6a °** X 
^ J, X 

_J b^f^ix 

3aaJ» oj X 
] ^ pgda: 

4(Mr* a J X 

1 *. fdf 

6aa:* a J JT 

1 ^ rd« 

Sfiur* a J xX 



1 

6a 






I ' < II 



Ea 



<« 

* 

s 



I 



/ 



TAB. 






(b^'-Aac a^sitiye quantity.) 



-<*i 



« + ia:* + ex* ±: Jif 



J X " 

(Vdar 

Jt = 

f«>dx 






1 1^^ «»*4/ 



(Vcb 

Dt 

T 

|jx= 



1 [y log. r<»*+«>-/log. («e*+/>] 
,c c J X c J X 



Cxiix 



«< 



Wdo; 






/J^_l?. a rx^ h. Ti 
J -X ""Tc^'Tj X *" TJ 






TA3. XXIX. 6. , 



J«+ 



f*dr 



4ae*+ca!* 
C6*— 4ac a negative quantity.) 









« an angle, whose cosine =: — 



2\/cc 



sin. --^ log. 



;c«+2/*€os,i+i? 



4c/^ sin. « 



/ 



xdx 

IT 



I 



— __ arc tang, -j^— _— j 



±*— ^2/&? COS. 4- +/* 

1 ■ i i n 

2 " /«-r«< 

1 

/*fein. » 



+ 2. tosj ^ arc tang. - ^ - L " ^ 



J 



X 






1 



4c/**sin. M 



• ' . 



/ 






40357 



x«— 2/a: cos. -^ +/» 

sin. ^ log. -^ 

xH-yxcoB. j + P 

2/x sin. -^ 
+ 2 cQs.-^ arc taqg. ^ w^ v,. 

.sin. « \og,Qt*'^2pk'^sin.a+/*) 

' ^ ' ' ' m 

2fx sin* -^ 
+ 2 ip^.« aic tan^ ' f^-^^ ' 



The remaining Integrals tHR in Tal>.' XLIX d^ 



An angle whose cosine =r ~ ^^ — may always be found ; and 

the angle is acute or obtuse according as this /Quantity is positive 
or negative. ' 
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rdx ,, ^, ,1 h^ — Sac Cdx be rVd» 

X 



I 



.TARAL. 



(a-k-ba^+cx*)^ 



o + ix« + cx*=: X, 2a (b^—4ac) = A 



2ac Tx'dof 
X 



J _ =, (Jcar«+r6^2«c;x«] -j3^ — ^ J - 
fa:«dr rr * . ^ro « * o 1 ix , a5 f da: 2ac C 

J IF = f^+^*'-^'"^ ^1 o - X + T J ir 

J X« " 3cX'*'3cJx» 3c J 

» 

J:x5---2;;x+ c J 

Jx»dx _ / ^ _ ^\ 2^ , a^ f dx _ /^ _ 3a\ Tx^dx 
X» " V c 3cV -y 3c« J X* \3c« c / J » * 

J_=: [*cx- + rft«_2ac;xB] - + _^— J -^ 



'x'dx 

IT 

^xdx 



'x^dx 



Jx*dx _ V 5g rx*dx 3& p 
X^ ^ cX c J X» c J 

px^dx _ ^ 3a rx»dx 26 (Vdr 
J JSP "^25? "* c J'jF"' c J^J^ 



66c px«dx 
k } X 



•♦ / ~ • — 



r . , . , , =SS 



t5 IHTBOBAIiB OF RATIONAL DIFFBRXNTIAtft 




# 



*• »*• -SK" • f. "^ •••'■«• 



NTBGRALS OF RATIONAL DIFFERENTIALS 



a + &c»+cx«=X, 2a (b^—iac) = i 





»a:»+6«— 2oc , log. * , /26c 6\ f»d* 6c f r'da 
= UC '«•+(. 4 WJ Jf ••J X 




1 36 fd* 6c fi«dc 

'-■^-7jx--7J-F 




1 26 f d« 3e f«lc 
2rfX aJiX- .JjP 




, 25c' ra'it 

+ 15J-TF 


f^ 


, 96c fmi* 


f.4 


1 lb r ix 9c r dx 


r^ 


1 46 f di & C <b 
fttc-Jf 3« J «'X« 3a J ^A» 


m 


= ( 7a.' + 3S.v) X + (w 7a) Ji-X- 

»16c f d» 

+ 35a' J i-X- 


f^ 


/ 1 , (66 \ 1 , /J6> aci r di 

■"(.&»•+ 24.'<'; X + U- 2»i J*-^ 

, 2«c fdi 



t» ' INTEGRALS OF' RATIOHAL DIFFERENTIALS. 



TAB. LIII. a. 



/ 



x^dx 



a -{• bx^ -{- cxf^ 



(h^ — 4ac a separate quantity.) 



ih^W(b^—^c) =/, ib + l^(b^^4ac) = g 
^(b^^4ac)zzg^f=k 



cx^ + g^ 
xdx 



T^jjcx^ + g ~hj 



1 1 c^+f 



cx^ -{- g 
xdx 



ca?»+ flf 






cx'+Z 
a;de 



r dx _ c r p do? r dar 1 

'ji'do: 

s^dx 
X 

x^dx 
X 

'ar*da? 
X 

'af*da? 

<r*dx 
X 

*x'^dx 
X 

x^dx 
X 

*x^dx 
X 

/VPdaf 

J ^ 



J X =^ c c Jx ~7j 
X "2c c J"X . TJ X 



£ log. (cx^+g) ^ ^ log., (c*' + /) 

ic'da: 
X 

dx 



*dx 
X 



rx^dx _ a^ _^ ^ C x'^-dx ^ b^ px^ 

Jx"'3ccJx"cJ": 

rx^dx _ f^ _ *5 . a^ r^ J. /^ _ f.^ f: 

J. X ^4c .c^"^?J.X.+ U c|J' 

ai6 rxdx (1^ ^ a\ h 



- z: - 2c^ + 



6c 



X" 

ydo? 
X* 



j: 



a=5 
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=S8 



TAB. LIII.\ b: 



h 



st^dx 



(l^- 



(a + 6ar* 4- ex* 
4ae a negative quantity.) 



wmmt^m^tmitmtmm 



«M»lte 



a+ 6x» + c«« =-y, 4^ - =/ 

c "^ 



« an angle, whose cosine = — 



2^ac 



^ = 9', 120° + |. = <^^ 240° + f = ^" 

a:* — 2/a: COS. (^ +/*= 1^ 
a:» — 2/a: cos. ^'' +/« = F' 
«« — 2/ar cos. (?'""+ /' = y' 
X sin. ^ _ ^ a: sin. 9^^ _ ^, 



y — « cos. f' 



X sm. ^ 



/. — X cos. >;> 



/ — X cos. «f' 



''// 



J ^ "■ 

J ^ "" 

Jar^cLg_ 

J ^ "" 

J X Gq/'sin, « (^^.^i 

rVdar _ 1 ^ 
J . X "^ 6c sin. aJ 



2^' arc tang 'Z' n 
2/' arc tang Z^' i 



^ aro.tai^ 
^" arc tang 



1 r— sin 2^' log F +2 cos 

'^/. \ —sin 2(p'' log F' +2 cos , . „-^ _ 

be/ sm.« (^_8in^2^'aog r''+2 cos 2?^''arc tang Z 

I r— sin (p' log X' 4-^ cos 
5-j^^: — \ —sin ^'' log F' +2 cos . 
6c/*sin.a ^_gj^ ^„j^g y//, ^2 cos (p'^'arc lang Z"' 

1 . «* sin. a 

—-=--: — arc. tang, -jr ; 

3c/»sm.« ^ /^— x^ cos. a 

I r sin 9^ log F +2 cos 

^ ^, . < +sin ^' log F' +2 cos 

6c/^sm.a J^^g.^^ ^/,/ i^g Y„, ^2 cos 






.^^* 



^ arc tang Z 
<^' arc tang Z" 
^'' arc tang Z'/ 



1 



8in2<p' log F +2 cos 
sin2^'Mog F'+2cos 
sin2(p''aogF"+2cos 

sin 3^' log F +2 cos 
4-sin3f"log F'4-2cos 
+ sin3(p''aogF''-f2cos 



2^ arc tang Z' ) 
2^'' arc tang Z^' > 
2f'''arctangZ'r3 

3(?' arc tang Z' J 
3p'' arc tang Z" > 
34>'''arctangZ'''3 



70 INTBORALB OF RATIONAL DIPFBRINTIAIA 
TAR LIV. 

r__Wx_ Ax 

J {a+bx'+cifif ' arfa-i-bx'+afi) 

r ^* n _. . ,» n ^ , 1 . 2i*— lOae f At , 26c (Vd* 
f"** ft. , . -1, n, V <n t , t^Sac faxb , be Cx-d* 



rdx _ logy _ i rx^ix c Ca'ix 

) =,x - „ oJ"X"~;J"X 

r dj" 1^ 6 rxdx _ £ f £Nk 

J .X - oi <■ J X <.Jx 

r ix ^^ J 8^ C^_i. C'^S 

J ifX 2o»< a J X a J X 

C dx 1 i pd£ _ £ p*M« 

J *'X 3ax^ a J rX a J X 

r de _ 1 I * . /*' c\ fwlic 6e r**d« 

jxX- 4oi' + S+ W~TJjTf +?J X 

rd» 1 » m c \ rin ic r^ix 

Jifx" &!.•+ 2.V + 1,?" j;Jx+«"J X 
fcii 1 ,_6 ,/J' c \ fdx 4c ficdi 
J i'x"~6S* + "33=?+W'' aJjTx'^d'jT 
' "i 1 i f^^S.^^ —f- ~—\C^ 

A-c c\ (■•;*« 
-[.•^ ^)J X 



iitnMiuHa tm atxmtia. DVFiouiinuu. 

TAB. LV 

f__j£__ 1 . 1 ,„„ '+/ 

J (.'+/) i'+sY (s-/)C« + !r)'^5=5? ^'« + S 

C__J^ —9 / loe i±£ 

) >.'+/> i'+Sf~ (S=7>(.' + J) te^^^'» + ? 

J ('*■/) (■+»)■ ° (»-/)(« + s) "'' (j^^ '■*■ '■''^^ 

J (»+/)'<»+5)' iS-ffV+7^' + sl (9-ff ^ «+l7 






( 



"(/-y|<*-yr 



7S niTBGBALS OF JUOtOVAL DIFFBRBNTUIS. 



TAB.. LV. 



J~3r 



X 

CJT a|nbdact of biiiomial and triaoinial fiMtm.) 

r aM* _■ /» 

J (*+/)(«+ J,) (*+ A) - 0,-/) (A _/) **«• ^* ^-^^ 

(x+/) (x«+a) ~ J^+aV^' «+/ ''" *J X* + a J 

J (x+/)(x>+,)=7qrJ/'^og>('+y)+i« log- («*+«)] 

tt/ r dx 

/"+« J x'+o 

r dx _ 1 r r dx __ p dx 1 

xdx 1 , x^ + a 

log. 



(«»+«) (x»+*) 2(i— a) *■ x»+* 

/ * aMx _ 1 r r dx __ . r dx "I 
J (x»+b)(x*+4) ~ a — 6 L*J x* + a J ««+ *J 

J (X4-J0* («•+«) (/*+«)* r^ «*+« ^'^ ^J *"+«J 



1 



r «dx _ 1 r «-y* ^ <*+/>* . .. -^ f Jf_i 

jj (x4-/)«(a^a)~(/»+a)« L 2 "^' xM-a "** '^ -^ J x»+o J 

/ 



+ 



/^ 



(/*+a)(x+/) 

dx _ 1 r ./.I..- («+>}! 

a 



dx 1 r , (x+J 
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; 



a^do: 



TAB. LV. 



(X a product of binomial and trinomial factors.) 



*»+*) 



__ 2ay r d» /» 



/o 



dr 



1 



/^ 



(x +f) (x- +"aJT^ "" /*— a/+ 6 

g^ 1 

»+/)(FT'ax+b ^ P'-af+b /^ 

'f* log. (ar+y> + 4(6— a/) log. (x» + oar + 6J 



p/ *"6« v^t- /; T H,o — o/^y log. l,x- 



] 



ftM« 



74 iirncaRAiiS op rational mwrmMxanruia. 



TABLE 



Of some other general Formulae. 



■»rt*B«h 



a '\- bx zz X 



X" 
T 



^i*mat^ 



(n — l) 6X»-' 



V*da: 



ym gg*^"^ ^tjwt 0^9^'^ , 

^"" (m— 1)6« "^ (•* — 2)6» "^ («---3)i* "^ 
m6 "" (m — 1) 6= ^ («• — 2)^ "^ (m — 3) 6* "'" 






6« 



6«+ 






X5" 



<»^l)«r 



ma / ^af-"': 



-'<!b 






its: 






X* 



1 

(m— 1) 6' 



ma 



^_(m--l)a 



1p 



(m— 4)6 (m— 5)6 (m — %)b 

•-»dx 
IF" 



"X^ T- (to— 2) 6J!P "" (m— 2) 6 J 5 



1 r 

± Jra;«-*+« q: I^-^^') -^ ± -^ Cm— t+l)a I : 



!r"i— *dx 



JP 



»— ^>i— mW 



SBE 



J 
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J X' ' 






(m— 3) I) 



C, S; 






_(™ 



-i+2)o , 









fi*- — Bx^' + C^^ — Dx--» + £<—* + Ac. 
± ii— i-If il»-»-).lj± if,»-i+l)« p^^ 









r»»— 6) bX> 






J 



96 BOTBORALS OF RATIONAL mFFBRBNTULS/ 



T 



TABLE 



.<^ BOBie other general Formul®^ i 



a + bx zz X 



P 






± irx^<+« q: 13^^-*+^) ~ ± X(m— i>H)a r^^ 
(m— 5)6' (i»^6)6 ' .„ (m^7)6 ' 



D 



(«^!— 8)6 (m— 9)6, (m — »— 4)6 



rdx ^ 1 6^ r dx 

J a^X ^ (m — 1) ox"*""' a J a?*-'^ 



fc'* 



pdar 



1 L . 

^ (m— 4) a*a:*»-* ' "" (m — t) a'«*-» ^ o» J x^-* X 

1 . 6^ 6^ 

(m— l)ax»-» "^ (i»— 2)a«««-^ (»i--3).a^:r«-* 






dx 
dx 

arx^ 



m— 2) o*x""^* Cm— 3) aV«-3 
6^ . . 6*-» 



+ (»i— 4) a^'x*-' . ^' *" a«-»x + a* ^^' x 



iX» 



1 m6 r dx 

(i»— 1) ox*^* X {m — l)a J x"*""^— 

^(J: ^+-? £.^.^^&c 



il =:- 



1 •* «6 , ^ (« — 1)6 -, 



_ wt6 p_ (»*— 1)6 p 

(w— 1) a* '^ "" {»^-2) a ' (m— 3)a ' 



Dr= 



Cm— 4) a ' C 



5) a (wi — x)a 
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TABLE 



Of MHne other general Fonmiltt. 



a + fcx =: X 



* dx 



J 



(»i+l)6 r dx 



r dx 



(»^-l) cuf"' X^ (m— l)a 

A B ■ C D -E 

_. — ■ J .— . -1 — > &c» 



ac*" 



af' 



il = 



D=: 



5, 



mb 



(i»— 1) a' («— 2) a ' (m— 3)a 






(m— 4)a (^iii-*5)a (m— i)a 

(m+2)6 r dx 



i! B C D i? 



ap*" 



x"*" 



X" 



± rrrm ^^1 -^ ± 2i(»i— t+3)6 I --iT^ 



(«»— l)a' (m— 2)a ' (»— 3)a 

X) = -J2t. C. ^ J.2i-i)* i), ate, £ = &!=!+*)* JT. 
(i»«-4)a (m— 5)a (w — t)a 

1 (m+3)6 



r dx _ 

Jx»Jf*"" 

J x«X* Va 






C»i— 1) ax**""*X* (»i — 1 ) a, 



^ 



X»~3 



— «'»—»+ i + 



rtin-rt 



)i r dx 



n IKTBGRAIiB OF RATIONAL DIFF£9ilBNTIAL8. 






(»•— 4)a (m^-'5)a (m — e) a 

J dx 1 (m-f4)& r Ax 
a*X» "" (m— l)aar»-» -X* («— 1) a J jc*-^X« 

J a:*^ V««~* a*»~2 ^ g^m-i ^m^-i ^ ^-i 



TABLS 

Of Mffie other geaetiJ FoumtiiB. 

a + bxzz X 

._ 1_ y._ (m-f3)& (m-|-2)& 

(m-.l)a' («^-.2)a ' (w»— 3)a ' 



4_ 1 (w-t-4)t _ (m+3)6 „ 

~ («--l)a' ~ (m— 2)o ' ~ (in— 3)o ' 

(m — 4) a (m — 5) a (m— 1)0 



i t - I - *■ ■■*-■ * — *— • 



a -1- 6x« = X 



•^^m^m^m^mmlltt^ I ii O i I li ■ ■#■#■— w 



fcb a: , So— 3 f cU 

""r>>— l)2a' 0>*-2)2a ' ""rp— 3)2a ' 

(p — 4)2o ' 0—6) 2a ' (p— t)2a 



mmmSmmSm 



lUTtSGRALS OF KATIONAJL DlFPJSItENTIALS. Yt 



m 



mm 



J X -(m-l)6 bj 



TABLB 
0€ noit otker gestfai Foimultt. 



a+ ba^zz X 



'!r*"^dx 






J X^ "^ (m~3)"5r (i»-.3)6j -r» 

± iSr*— «+»^ £*•-*+■) j^ ± LC«— «»H)a f**^*^ 

J JP -(»_5)J~(w^5)frj JP 

i^ ~ (^*"'*'— **""*+ c«^*— i>**^ + af^— &C. 



± Xrf— «*«:p £«—«+») 4f ± If«»— «+!)« 



■; 



^•"•^cLc 



^ 



fl^iNi.^ 



(liH^i 
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TABLE 



•Of some other, general Formula. 



a 4- 6x* z= X 






2) = /!:!=:^c,r=^^^ 

(m — 13)6 (i» — 15)6 . (m— 2i — 5)6 

ra?"cb _ x*"^* " (m — l)a px»"-«dx 
J IF "" (m — 9)6-X* "■ (m-.9) 6 J "X* 

j^^ = (Aj"^"^ — 5x«-» + Car~-» — D«^^ + J5i;»-»— &c. 
± irx"-«+5+ Zx»-«+0 i; ± i r^— 2 t+l) a r ^^^ 



J - ^ n _ («»— 1) q A r^ (m--3)a 

"* - (;;i=7)6' ^ - (;;i=:9rft "* ' ^ - (m-ii)6 ^' 



4 _ 1 p _ (m^l)a . (m— 3)a 

-" (m--9) 6' (w— 11)6 '*'''- (»i^l3)6 ' 

^ (m-5)a (m^7)a ^ (m--2t+3) a 

(m— 15) 6 ' (m--17) ^ ^' °^«?- -^ (,»_2i— 7) 6 

p x«dg _ x">-> (m— l)a pg^^^dx 

J X« "" (m— 11)6X* (111—11)6 J JP 



pr»dx_ 



(ilx~-:» — J8x«-> + Cx«-* — Daf^r + Sj-*-» — Ac, 



± irxf»THri+3q: i;a*-«i+0 ^ ± i r»— 2»+l)a f ^^^^ 

.^_ J ft_ (m->>l)a . ^_ (jff>3>g ^ 

^ -(«_11)6'^- (w-lS)*"*'^ - (j»-15)6* 
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•^^ 






TABLE 

Of some otlwr general Fmnuls, 



a + i3^=Z 



1 i r ix 

il B 



i»- 



il B C ' D E* ' 






dx 



d« 



(»»— I) a' («.~3)a '"'*' = (m-,5)« ""^ 



^"*-"^.fi j-r^7H 



fSi:::v7yi 



r 



(tn+l)6 r dg 






+ 



£r 



&er 



4- . >^ ^ 



^)iT-(- 



4 = - 



I 



■: 



D 

Ax 









1)6 



■«|JP 



Bi 



_, L •■ • : I <«+3)& p da 

a"X» Cm— l)«rr'JP <»»— l>aj x^-« 



r da; 






BE . 
+ —:- Ac. 









n iNTlGItAXS Oil BAanOVAL: DIPFBItBNTIALS. 



f 



-SB 



i HJLJ^ 









TABLE 
Of some other general FommlcB, 



o + W>=:X 



1 (m+5)b r dx 



^^ 



a^aJC* 



D E 



-• 



r dx 
J«"JP 



1 „_. («iH-5)& ^ _ (m4-3)ft 



pdg 1 (m+7)& r d» 



2> -F ,. 



^i^ii+j. 



?i=4rr.)iT^<*-*^'^X 



(be 



4 = 



- ^ - (w + 7)ft (m+5)t 

<«H-I)d''^ (m— 3)o"^ <«»,-6)a * 






rdg _ 

Ja-JP"" 



jt«»-«X» 



_ 1 _ (w+9) t r Ae 



+ ==;- *c. 

^^ ■•• ^P* ^B* 



d« 









INTSORALS QV KAIIONU. DIKFXUHIULS. 



J »- = (s==+jBS+ »=+»':+ jFirr+jpirj C 

+ X(4y-«-!!)eJ^ 



■ (P-2)« ' (P-3)» 



(p-5)4 • ■ (>-.)», 

J X -(n-l)c cj X ~tj X 

J X- - (m-3)<rX (..-Sjx) J. X- (»-3)cJ JP 
rj-d« _ «--■ _ (m-i-l)a r j--adj. _ (w— 3)y f ^*--'dj! 
J JP -(m— SjcA" (•^-5)tJ X' imSjcJ X> 

J X- -(»-7)oJ(> (a-Tjcj X« (vi-l)cj X- 

J X- (».-9)cI' , (t«-9)cj X' (»-9)<.J X- 

f_d« 1 (m+l)i (• d» (»+3) e f li 

Ji-X- (m-l)oi— 'X> (»,_1)J*— X>"(w_l)oJ;r^ 
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tS^^Smmmifa 



TABLE 

Of some other general Fonnulfle. 



a + ^x + c*« = X, 4ac — 6« = A 



r dx _ 

f— = 



(m+2)& 



»»4-5)c r dx 



1 (m+3)*f da: 






j»— l)aj «•"* JT' 
i»+7)c r da: 



^ r da: (»4-7)c r 

1 (m+4)6 f dx (m±9)c C ix 

l)aj af^-^X^ 



(m— l)aa?»-»X» (»— l)a, 



> r dg (m+ 



a+bx^ziX 



If - (fn^2)b "" 5 J 



X 

pt^dx 

ic^dx 
]P 
dx 

a?X 

dx 
«*x* 

dar 



a?**'**^dx 



m— 5) 6X ""(»!— 6) 6 J 



^af~'dx 



(m— 5) bX (»i— 6) 6 J X» 

(i»— 2)a fx«»-»dx 

dx 



/ V^dx x*^-"* (i»— 2)a A 

J. X' * ,(«i--8>6JP (i»—8) ^: J ■ 

rdx _^ 1 b r dj 

r dx 1 (m+2) 6 f 

J «-X» ^ (m— l)ax";-'X (wt— 1)« J ; 



dx 



x»-'X* 



r daf 1 (m-f5)& ^ dx 

J x*X9 "" (»i— l)da?"^»X« (m— l)ajx« »X» 



o+ 6x*=:X 



mA 



rx*^dx ' 



X 

•x«dx 



c 



rx«dx _ 



d)b 



-^; 



(m — 3) a 



(m— 7) 6X (»^— 7) b J JP 



/- 



"•-^dx 



NHiMMMi 
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TABLE 

.Of some other general Formulse, 

3) a fj^^'^dx 



J ac*^ _ af-» (>»*— 3) g p 

jp -(m^ll)6X» (11^1 1)5 J' 

J af»X " (Jii— l)at'*-"» a J a*-^ 



X» 



do; 



r dx 1 (m+3)6 r 

r dx _ _ 1 (fn-f7)t r da? 

J as«JP "" (i»-.l)aaf-»X» "" <iii— l)a J 2^\ 



X> 



a + &c» = X 



J X *'(«^-4)6 FJ X 

J X* -(i»-9)6 (m-9)*J X* 

X» ^(m^l4)i (w^l4)6j X* 
/•Ar _ 1 ^ r dx 

J 5^f («— l)«tt"-» a J a!--*X 
p dx 1 (m+4) b r dx 

J x«X» "^ (iJi-l)ax-^»X "^ (m--l)a J x^»X» 
r dx 1 (m-f9)a r dx 

J x«X* * ' (»— l)aa*->X* («-l) a J x«i^»X* 



a+ W= Jip 



J X -^(fi^d)* *J 
rx*dx _ 



X 
x"^ (i»— 5)a j pf^dx 

(»»— 11)5X <w-41)*J X» 



■MHki 
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TABLE 

Of some other general Formulee. 



'W "" (m^ll)bX' "" (m— 17) 6 J Jt^ 

rdx 1 _ 6^ r dg 



a + fta:*^ = X 



a?«-6jy 



pdj _ - 1 (fli4-5) 6 r dx 

J x«X» (w— l)aa?»-^X "" (m— l)a J af^'J 



Jdj? L («-Hl)^ f 



X* 
4b 



««-«X' 



«"l-*JC^+<a*=X, (>— ^J C6«-"i4ac; 2iit^k 



p dx _ 5cg^+(6^— 2ac)a? (4p— 7)6c T 



ar^dir 
XFi 



+ 



2 (p— 1) (&W4ac) VW.-*« r dx 



d« 



rag**dg _ tca*"^^4-(6»— 2ac) «*+ » (4p— wi^5) be rx«+«d 
J » ■" ikXP-» + ft J je^r-i 

2(p— l)<;6°--4ac) + (»+l)(2<M>— A^) rxdg 



(m„2p— 1)^^ pg«^adx 



(m^- 4p+l)c 

J a:-» "" (m — 1) ox— » XP-^ " ! (*i--l)a J «-^^ 

w4-4p-^5 r dx 



iBSfiai 



uttie^aiAXS o9 jttmovAL i>ipfbbsntiai& w 



'<aai 



r 



TABLE 

Of some other general Formulee. ^ 

■ I < ■ ■ I I—— 

a+6«»+cx« = X, (p^l) (6V-4ac) 3a = A 






&ca:*+(6^^2ac)x {6p — 10)^ 



J » " 



+ 5 J -35m 



+ 



30>— l)(6*-H^c) + (wi+l)(2«o— 6«) f ac"*<h? 

XP-' 



■ !■ ■■■ 



JlF- 



(m — 5) a 



J- 



/ 



*3f^dx 



» 



dx 



(ai— 3p— 2) g ra f*-»dx 
"^ Cfi^-6p+l)c J"" » 

1 (m+3p— 4)6 r dx 

(i» — 1) ox*-^ »-* (»i— l)a J x*-«- 

(w-|-6p— y)c /• dx 



x*-«» 



a 



i|IH««W«»»W— ^^g— w^fiP 



M 



MM 



Mp 
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of some more general Formulee. 

• - • » 

fcii II .1 * I- ■ ■ .1.. . »— »iiM^ 

* « 

When i» < n or r:0, generally we have 

where {/is a logarithmic function, or =: 0, and V the aggregate ot 
terms of the follbwrng form : 

COS. (n— 1»— 1) flog, (x*— 2ibccos. f +*')^ 



nbk 



i COS. (n — m— 1) f log. (x*— 2ib: cos. f -f a^ ^ 
«— « 1+ 2 Bin. («-.«.- !)♦ arc tang. )t-^cog.» ) 



A nearer Deterfnmation* • 
{l)f Zet n he odd^ and a, by negative orpofitwe* 

Then, making A = v^ -, we liave 

o 

and F is an aggregate of terms of the Above form, all of which 

n— 2 

may be obtained by putting in this expression for f the 

, 2» 4w n— 2 
successive values — , — ... ». 



n n n 



(2). Let n ie even; a and b have different- iigns. 



Then, makmg A rr ^^^ — r» ^^ ^*^® 

and F is an aggregate of terms of the above form, all of which 
may be obtained by putting for f the ^^^ successive values — , 

4» n— 2 

■"" • • • • •— i^™^^ y , 
It n 

(3.) £e^ n be even ; a and b have like signs. 

Then, making ib = {^ t, we have 27 z: 0, and V an aggregate of 

are given by the above expression, when for f we substitute the 

* ^ !.• 1. * 1 «r Sw 5* 7» n — I 

terms, which - values - , — , — • — • • • • w. 

2 n n ^ n n « 

" ■ - * i« i > I ' I II ■ ^ '.'tf.. i L ■ ■ t pj ' .. I ". ' i ^_" ii J '. i II n • M II ■ _ w i j* ' '1 . _ « j M- I a*. '* 



INTBGRALS -OP RATIONAL DIFlflSRfiNTIAitS. m 



The inl 



tegral I "-j— > "^hen the real expressions are reqviutd, 

Ihas two forms^ differing according as 4ac-<-^* ia a positive or a 
negative quantity. 

I. Let 4ae — 6* be positive, and m < 2n. 



then 



TABLE 

of jome <»iher general Pommle. 



a + &B»+ca^=:jr, wzzlBtf 



• - F . , 



Lelk=:p-, and • be an anele whose conne s — ■ ._ 
* * Woe* 



*a5"*d« . 



I ""X* " *° ^ggfcgate of n terms of the following form : 

* • f - * 

—1) ^log.(«^— 2ibcos.^+A*)^ 

IJjicA*-*-^* sin. »1 a. <2 rna. f^ -—I) ^ arc tang. *^°^^ { 

'^ ^*— xcos. f> 

each of which way be obtained by substituting for ^ its^iralues 

n 



. C — sin. (n— m— 1) < 

•-*'^»sin.»'l+2cos.(» m— ] 



• • 



a n ' n 

When,m>2», the integral )• 
which|it<^. 



successivelye 



*aj*"da: . 



is reducible to another in 



Make 



Then 



tl. Let 4ac *-- M ^e mega^^oe* - 

• * 

Jd« _ c r r ftt' f _^fL.l 
X ~ALJ<»'+/'"J«f+srJ 
J arda? _ c r r ardx __ C afdx " l 
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TABI.E 

- — . . ... . '*■• 



Let 

^ i: ik«t^» 4- ^— 1) »*^* + (» — 2) €«•-• + 
(n— 3)cfa'^+ + kzzZ. 

Also let /, r", /'',' r'''', ..... i*' be the n roots of the equation! 

IT, rr', IT", IT''', ly the values ot the fimction| 

XL "vHien Aese zoots are substituted for «, 

2r, 2^', 2^'^ Z''^', 2?^ the values of the function Z, 

>whcii thfeiie roots are substitttted tor x; 

then, oa die supposition that the roots r\ r^\ v^'^^ Ac* are different 
one from another, and A <n, we have generally 

JI7d«» IF V IF' 

J^ = ^ log. («-,0+ J> log. (x-VO + .^log.(;«^-r'") 

+ ^ log- («-r'"0 + &C. + ^log.(x-»-0 



fpdxir f dx ,ir' f__J*__ , 0"' r__ifL 

J «-F""rJ *-(x _ r^'^Z" J x-(x -O'^^J «- (x-r"' 



+ 



r/"" f dx , IT*' /• dx 

^ J x- (x - r^O "^ "^ J ?^(^ 



and these fon]|ttIn ve w&l> wheq the rpots r'yi", y*, &c. «re real 
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'1 



MemwahiUa in the preceding Table. 

(1). The Formulae, p. 74— iB7, are all derived from the general 
Formulse of Reduction, p. 1 — 5. It is to be observed, however, 
that in p. 83, the first form is not immediiaitely derivable from them. 
In this case, substituting in Form V, p. 5, — /> for jp, m=:l, n=l, 
ire finally obtain * 

JAx _ Ax-\-Bx^ C r da; D C xdx 
Xp "" KXp-^ ^ J *^* ^ J *-' ' 
where il=2ac—6S -6=— 6c, C=(p — 1) (4ac — 6«) + &' — 2ac, 
D = (— 2p + 4)6c, iSr=(p— l)(4ac — 6«)a. Butwehave 

J a?djc _ — 1 b^ CJUL 
Xr" "~ 2c rp-2)XP-« 2c J X^»' 

ISabstituting this value, we obtain^ after reduction, the formula 
which has been given in p. 83. 

which is necessary to integrate , , , , — , , , . — ;-, since it is 

known that every trinomial factor of a* + j and*** + "•**. H — 

(wben 6».«4ac is negative) is of the form a*— 2ib cos. ^ + k\ we 
need only substitute cos. 9 + sin. pV^— 1, and bear in mind that 

(co8.^ 4- sin. f V — If = cos. n^ + sin. n^ ^/ — 1. We shall 
pence obtain for the first fraction, partial fractions of the form 

2 — ifecos.(n — m)y + cos.(>t — m — l)p.g 

n6*«-*-« * a:«— 2A«cos.^ + ** 

l&nd for the second fraction 

1 ;fesin.(n — m)^— sin.(n — m— I)y.g 



«cft««-*-« sin. « V «« — 2A«cos.f + A* 



i 
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TAB. I. 






bx) 



a + bx^ X 









J .• • • 






/Vdx /I 8 28 56 : 70 

- ga*JP + f '«• JP - 4 «'JP + «•) ^ 

Cx^^dx /I 10 45 210 262 

^ + '_V:f» -,l|««.;p + 9«.x. - »|«.x + «.o) ^^ 




■B 
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J- 



TAB. II. 



djt 



V(fl + tx) 



a + bxz: X 



J^VX "^ oar 2«Jar^JC 

J «*^/X ""V 3ax» "^ 12aV Bd'x)^ 16a> J x^X 

JaH^/JC V 4aa?*'^24aV 96aV"*'64a*xy^ '^128oV«\/-y 

C dx _/ I 9& 2I6« 2iy 636^ \ 

U x^v'-^T V ^ox*"^ 40aV " 80oV "^ 64a*x« 128a»xy ^ 

636» , r dx' 
256a* J xv'- 



336« ,7765 77&» 

T + 



leoa'x* ^ 320a*x» 256a^x« 

dx 



J316^\ ^23W f 

"^ 512aV ^ "*■ 1024a« J x^X 

r dx _ / 1 136 1436* 4296» I4^r 

Jx»VX V 7ax'"^84aV 840a V "*" 21J40a*x* 640a V 

"^512a«x^ 1024aW - 2048a' J x^X 




/_ 1 156 _ 656> 1436^ _ 12876* 

a^V^f V Sox*";'' U2a.V 448«r^x« "^896a<x* 7168a»x* 



, 4296* 21456« 64356' \ . 64356^ C dx 
"^ 2048a«x9 "■ 8192a'x«'*" 16384a»x/^ "^ 32768a« J x^/X 
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Note tm the freeeding, TahU. 



la general 



Ax 



s= lag ,)_,iJi ^ ,^ + const. 



or 



J xy^{a+bx) " ^a '"^ v^(a+6*)+ ^a 
— p-r =s -T — arc tang -2-1^ ^ + const. 



The first expression is real when a is positive ; the second, when 
a is negative* 



I. a positive. 



J: 



dx 






- A log V(<»+M--/a ^ ^ 



lo^ 



-v/a: 



and in these expressions a can be taken either positive or negative. 

r dx 

The integral I ^/_ , i\_ being then in&ute, cannot begin from 
xzzQ. 



^a+bx 



II. a negative 



\ 



/; 



^ 



2 6x -— a 2 41 
^.j. -r = -7- arc tang -v/ =--.arccot^x 

2 5X 2 iX 3 ffr 

s£ — -- arc sec 4/— = — Wfc cosec \/,- — r- =»— 7- ^ cos v/r- 
V^ a, \/a 6x-^a ^a fo 

2 . . .5x — a .1 2a— 6x 

e -7- arc sm 4/ — = -^.arc cos — r— 

V a ^ eyr. iv^a. 6x 



1 2(6x~-a) 

-7- arc sm vers , - 
V a . ox 



i^irfa 



« » T 



r dx ' 

In the integral I — -^ ., b cannot be negative ; moreover, 

since' this mtegral begins from x =: ?, it cannot vanish fori 

any smaller value. By substituting fbr this value of x, the above 
integrals vanish* . 



V . - -v. 
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TAB. II 

o + Ji = X 

(•fa ■ a 




.+^rfx>-ijrfX'+wx+.»yp|5 



ttrtSGRKta OF lAKATlbNAL DIPPeiieNTULS. 



p dx _ / 1_ 1 7^ . _ _356' 35y\ 1 355^ f dj 

J ai^X* ~ ^^ aM'MsS? i4*'a . Qa* J -/X I6a*j X-/X 

r dx _ / 1_ 36 _ glfr* 105^ 315ft \ 1 

J ^j* ~ \ 4<u- "^ "^^ 32*^»» ■•" 64<l'ar "^ ftta' } ^X 



rA x _/ 1 116 _ 33ft' 231ft' 231A* 

i*«jc*~^ 6**"'" 40O-V SoPj?"^: 



315t< r da 
**" 1235"' J iV'-X 



^JC* ~ \ 6*r* ^ 40O-V M^ ^ 32(to*a:« ISSo^at 

1» f d» 
^ J la^VJJ 
(* fe _ / _L . "^ _ H3&* , 1436' 10016* 

1QQ16> 3003y \ I 30056' C dt 

"'^fiife?*''" 512oV VX'^1024oT Ji>/X 

*_d*_ _ / L 4. ^. _ 13fc* , ^^USft' 4296* 

^jfj ~ ^ 7<te" + a8»V S^J? '*' 448(rtc' " ^Slv 

4296' _ 2143g» _ 64356n 1 _ 6435^^ C Ax 

"^ £U<(V lOMft'x 10340*/ 7J^ ~ 2048a' J *VJ« 

f dx_ / 1 17ft 856* 2216* 24 316* 

[Jx»Jf*''v **• ll2<iV 44te'a* ''" 896B^e* '~7ld6aV 
., 72936' 72936« , 364656' , ifl^agSft" ^ 1 

■*l4aft*i*;i ~ 8i'92a^i» *** IB^84a"« + 16384d»; ^Jt 

. -; 1093956' C 

"*" 3276BO'" J xV^ 
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(. + * 



r it _ 8 









■ 21o»JP 



- ■ 2 



n 



IS rcAricted himself, for the most pait, to such I 

enwtof a^mtitiesoDlT. nutlrfordieal 
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TAB. IV. 



/ 



4» 

4 . . m m k 



a-^ bx=X 



a J i 



dx 















1h 



356« 



35^\ 



35^5 r dx 



•«^h. 



/= 



t •■ 



12a«x« 24tf*» 8a*/ V-^ l<5aV ^V^ 
C dx _ / 1_ 36 2U> 1056» 3156 \ 1 

315i* r dx 



f— = (- 

I 






1 



116 



336* 



2316^ 



Mr» "^ 40a?x* 55^ "*" 320«V 

6936* \ t 6936* 



2316* 



1 



136 



US^) 175 "" 256?" J [x7^ 
1436« . 1436' 10016 



■^60aV 48i4aV "*" 520aV ** I28dto'a^ 
10016* 3003y \ 1 300^6^ r dx 
■^ st^^k^'^ 5i2a') ^X^ 1024a' J x^X 



56 



136« 



1436' 



4296' 



+ 



Tdx'' ■*" 2«aJ»«« S^]? ■*■ 448anc* "" SSS?? 

4296* 214Sgg 643567\ 1 6435^' p dg 

fiUa^"^ 109WX 1024UiV ^X 2048a> J xV 



[* dx / 1 176 856* 22iy 24 316* 



,, IT.nh' . 72936; , 364S567 ^ lb»S956» \ 1 , 
"^^iJSSte "^ "liW^i* "** re384a«x ■*■ 163847/ ^jq 

1093956^ r dx 
3276ba'« J x^X 



+ 



.\m*wntm 
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TAB. V. 




Ca+6x>J. 



a+ (*= X 



C d« 



fxdx _ 



ix 
'xdx 
'x»d« 
'x'dr 

X^ 



3bX^X 









X^X 



J X^" 



tfiXi/X 
fix? -|oX»-J-3a«X« - ^JP +15a*2:»+6o»Z -^rf") X 



2 



r£if e /^ *» _ ^ 4, 8rt«i» - Ta^X* + ^a*X» - 21a»-X» 






J^K 






+ 28rt«X» + SaTJf i- J«^ \ 






( 



0^-^+IT-'*'-T^^+"«'^ - -X"'^ 



+ 28rt»X» - 36a^X» - WX+ ia") g^;^ 



« 



H S 
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TAB. VI. 



f: 



dx 



ar*(a+6a:*)4 



a -{'i)x^: X 



8 2bx\ 1 



+ 



a** J a- 



i/X 



J x«X* ■" V «« 3a« a^* y Xy/X 2a' J xV'^ 
J x^Xt "^ \ 2ax« "^ 4a«x "^ 3a' "*" 4a* /X^X "*" 



Jx^Xi V 3a««^ 



J jpij^i "" \ 4ax* "^ 24a«x' 



3& 



4a«x 



1^% 



ga* 

216« _ 356' _ 105Mx 
8a^x 2a* 8a* 



_ 1056' f dx 
16a* J. 



x^X 
336«; , 2316' , 3856* 



32a'x« 



64a*x 



J x«Xi \ 5«*' 



I1556^x\ 1 11556* f 

"*" 64a« ) X^X "^ 128a« J 1 



16a' 
dx 



136 



1436« 4296* 



xv^X 

30036* 



J^7V* V 6ax«'^ 



40a*x* 240aV ' 320a*x« . 640a*x 

10016* -30036«x\ 1 _ 30036* - r dx 

32a' " 128a7 j X^X 256a7 J xs/X 

136« , 1436' 4296* 

+ 



^7Xt \ wwr 4a V 32a=»x* ' 192a"x' 256a*x« 

30056* '/ 50056' ^ 1501567x\ 1 . 150156« 



^ 512a«x "^ 128a» 






+ 



612a« 



Vx^x 



176 - 176« 



'^ ^024a«Jx^X 
2216* 24316* 



J dx 
xs^l 



84aV 56a»x» ' 448a*x* 2688a*x» 
72936* , 72936^ _ 121556^ _ 364656^xY 1 

256a» 1024a« / XyX 

3646567 /* dx 



3584aV 1024a7x 



2048ao J xV-X^ 



U 
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(a + bx) 



TAB. VII. 



a -^ bxzz X 



dx 

xi 

oedx 



r dx __ 



Xir 

'aMx 

Xi 
'at^dx 

ii 

*xi*dx 
x^dx 

xf 



SbXWX 

= (-ix+l.) 



6«xvjr 



^JPV^ 



rtf6x_ 
J xi'^ 



r^ =s Qjp -. |aX*+ 10a»X»+ lOa'JP- |a*X +la^) 
J Xi "" V 



6«XV^ 

lx« - ^aX* + 5a«X* - 20a3X» - 15a*X^ 
7 5 



+ 2a*X 



Cx^^x I 



_1«A_ 
6 ; hi 



X^iJX 



I '21 35 

1X1- aX? f y «'^ - y oSX* 4- 35a«X» + 21a»X 



-5««x+ 



pe'dar _ / 



^■) 



6«xv-x: 



1 ft 'if) 70 

rjX» - laX? + 4a»X«' - y a'X»+ ^a«X» - 66«'X- 



- 28a«X» + lo'X 



;f=( 



5 7 fr'Xa 



Ix*- -^aX»+ 4a«X»- 12o'X' + i|5a*X>-42a»X 

10 11 o . 



+ 84a«X» + 36a'^ - 3a»X 



1 ^\ 2 
+ 5^ Jb'^XWX 
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« ■ -- *^ - « - u ■ ■ ■ - ■ - - . 



TAB. VIll. 






■ 



■■ » 



a 4- hxiz X 



i*- 



J^«X*'" iw-X«VX ^"SjJ ,jfi 
C dx _ / 1_ 96 \ 1 636^ rda? 

r dx _ / 1 . n*^ ^ 336^\ _1 _ 2316^ r dx 
J ^4xt "" \ 2a? T2a^x« "* 8a»x/ J*V^ 16a* J ^;f i 

r dx / J_ , 136 1436^ 4296n 1 

J g^x^ * I,"" 4ax* "^ 2455* "" d6aV' "** Mc^xjW^ 



30036* r dx 



I28a« 



r dx _ / 1 36 _ 136^ 1436* _ 12876n 1_ 

J a4jpf "" V 5ax* ' 8a*x* 16a»x3 +64a*x« 128a*xy X^^X 



90096* rdx 



If. . 

J dx j^ /^ 1 J 176 _ 176^ 2216' 24316 

a:t Yt *" \ So? "^ 60aV 32aV "^ 



Jx?X* N ^^ ^0«*** 32aV ' 192a'x» 768a»x« 

, 72936*\ 1 ^ 510516' C dx 
^ 612a«x/ SSA? 1024a« J ^j^l 

JJf^^/ I '; 196 3236* 3236* 41996* 

'^fi^^X 5ox'"*" 84aV 840a^x* "^ 



448aV 2688aV 



46189A » I38^7tn I 138^76!^ pdx 

"*■ 10752aV 7168a'x / X^^X ^ •20489^ J ^j^* 



IirT£0]|AJUS OJr ISEAHONAX. mFFtMBHtlAUL im 






4^ 



TAB. IX. 



> i n » 



x*(a+6x)* 



a ^hxziX 






X* + 4aJP - 2a«X» + ^a'X 



-^^Ot 



iC^;^S|^ 




I 

+ 5 1 ) VXWX 



■r- «■ 



-*•- 






y\ 1 2 f ^«, 



1 



_ 95 C dr 



lU^ 1 . 696 




)6« r^ 

«VJ xXi 



/ 1^ 136 1436«\ 1_^ 4296» f dg 

i 3««5 "*■ llJaV ■" l4<^/ X^VX'^ i&^ J «jf ^ 



64356* f dx 



/ 1 66 6§6^ ,7156^ ^ 1 ,64356^ 



BS 






104 INTRCRAUt OF ISKATIONAL DIFFBRBNTIALSJ 
TAB. X. 



Ci^ix^yfia+bx] 



P^^x=(lx.-^^+5?..x.-|..x. + ^.x 
. _-,.:.+|.x.-f.x.+|..x-l.)?^ 
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TAB. Xl 



rd»,/(«4-fa) 



J "• "^ . +2 )x^X 

r ix^x x^x h,/x V r dr 

J x< -^ 3«^+T«V^ •*''■' 8a'» + 16a' J iv'X 

te^ i-JL X. -^ -i5L'\ T /I a. ^'^^ 
J _«• V 401" ■'' 2*.V 32aV^ '^ "*■ 64ii'. 

W r d» 
128a>J«,/A 

[•d««C_/ _1_ 7t _ 7i' _W_N 

^ «* " V 6m> "*' 40«'** 48aV "^ 64flVy ^ 

76VX 75* r dr 
128o*» "*' 266aVj »^X 

• dx^'X ^ 1, 3* : 211' , 7y aii- \ „ „ 

i' /"l 8«t''''20<<V 160a'i''''64«'i« 256<.'W 

216VX 216" ^ ix 
"^ 612o>i ~ 1024«» J iV.^ 

r dg^^X X^X .\\h ^ ix^/X 

] X? ~ 1ax> 14fl J »' 

eix^X_ I 1 136 ■, 143J> fdjj^ ■ 

P I' ~\ Sox- + TB??; ^ "'" 224«' J .' 

fdiv'^ 



f 



y» INTSGRAU OF IBR&TIONAIi MFFJBRBNTJALa 



^BHdli^MMito 



TAB. XU. 



/ 



x'^Ca-l-^^ 



a-f 6jrz:Jr 



xdxJT' 



/ 



5& 



= ,ix-4.^^^^' 



/ 



a*dxX* = 






4_ 



=( 
=( 



15^ 13 Ml^ 9 V^ ?/ 6« 



Ix. - |a«X» + ||««X» - f^^JP + |.-X| 



reiajix* s / 









/^^* « ( 



'-5«*^+«^^-H 



6" 



21 19 ^17 16 ^ 13 I 






^i» ^ ^^ + ^^JP - ^^x» + -g-«*x 



126 ._, , 84 ._- . ._. , 




l-'-H 



1 A2Z^V'^ 



\ 



INTBORALS OF IRRATIONAI^ DIFFBRSNTUIiS. WT 



s 



*dx(a + bxjit 



» ■!■ »llMfc— t— ■»■ 



TAB. X<II.| 



• 



a+ ^vz: X 



f 






dxXT 



«p 3a J » 



d»X* 



J *♦ "V3S?^12a^x«"*"245?; ^ 16a'J 

r*x* _ / 1 



■•• 



J 1— 

4ax* ^ 8a*** 



/' 



f^ 









" 32^ ■* 64a*iy ^V 

'*' i28a* J 

/ J^ , ^ 5' 5> 5* \ 

V 6ax» "*" 8o«a?* " 16aV"^64a*a?«"*" 128a*ar / ^ "^ 

36* fcbXv 

( 



- 1 76 76* 7y 76* 

S«? "^ 50aV "" 96aV "*" 192aV 768a»x« 



76» 



J^ 



9 



1536a«« 
7a«7 



) '^'+1^/ 






96 rdxX 



ffr^* / 1 , 115 W .y , 996> rikXt 



| MgJf» 



(^§S?+ 



136 1436 



144rt*x* 2016a^»7 



)*^^-4iraJ-S^ 
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TAB. XIV. 



' 



a + bxzz X 






13 ^11 9 ^7^/ 6^ 



artkZ »'— 23 



J 
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aff 



TAB. XV. 



/ 



dx(a + bx)^ 



^M 



a + bxziz X 






dxXr 
a* 

dxp 



X?Ji/X 5b rdxXr . 



J a* " V 3a 



3ax5 12a«x« 
6 






dxJft 






96a^x« ^ 64a 



CixX^ _ / 1^ 



3& 



&• 



55 



.128a* J X 

^ • ... 



J^=(- 



6ax*^40aV 80aV 320a*x« 640a*x 

^256a 
6' 



a* J X 



1 



6« 



5*. 



66« 



p 






6ax« "^ 12^7 32aV ■*" 192aV "*" 768a*x« 
2aJ x7 



1024a« 



rdxXT 



7ax7 



J a» 

rdxX* 
J <x»o 



""V 9ax»"*'l44aV 224aV/, ^ 64a' J x' 



no INTBQRALS OP IRRATtOKAL DfPFBItSirnALS. 



TAB. XVI. 



ja"^! 



a4-6irV 



a + hx ^ X 






1 \2X»^Jf 



; 

J V19 17 ^T^ 13 Tr 91 / f 

jx-u*A =^21 19 ^17 3 ^ 13 

11 ^9 / 4' 



I 



^X 



13 ^11 9 J 6* 



J V26 23 ^3 19 ^17 

-i5«^+i3"*'-n*''+9'*')--r- 



126 



38 



36 



— r=- o'JP ^ ~ a»X» - ^ a'X» + VV ««X - i^t 



1 .vax^v'i 



17 



13 



11 



^^-/-K 
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TAB. XVIL 



/ 



'dr(a + te)* 



■I » »i 



a + ^v =^ '^ 



*dxX^' 



4g 



dxX* 



ox 2a J ST 



S56« rd*^^ 



/^=(-^-&)-vx+^f 



ar» 
•dxX* 



3565 rfix;rt 



J ar* ""V Sax* 4aV ** 8aV ^§7* J 



ar* 



V 4ax* 24aV Ho?** *" 64a*x/ .^ 



+ 



128a* J " 



•dxX* 



rdx£*_ _ / 1 5 , y , y , &* \ ^4 / V 

J a^ ^ 6ax*'^40aV ' 240aV"^320a^x«"^128a*xy ^ 



7A* 



266a> 



/ 



dxXr 









( * * i* y 4* 

\ Si? *** 55«V ■" 160a»x« 9«)a*x» 1280a V 



-■5i25;r)*^*+i^/' 



a«*t 



f 



dxjr* 



jgyjir 56 c dx JT* 

7ax* 




J dxZ 
x^ 



J7^ 



""V Sax^'^L&^x' 32aV; ^*«*J *' 



riHaMakABMa^a 



llf INTJSGRALS OF IRRAfliONAL I>IFF£»SNTIAL8. 



m 



TAB. xvm. 



3c(a+6x)^ 

3f^ 



a + bx:z X 



CxdxX* = ^ 



2XV-y 



116 

1 y I \2JPV^ 

i3-^""nv— 65— 






sMxX^ 



x'dxX^ 



ai'dxX^ 



Vl7 5 ^13 11 y b* 

A19 17^,^5 13 ^11 / 6* 



r««cbx* = C 



19 

2r^-i9^^^T7"^^'--3^'^^«*^n"V~5^ 

lx» - |aX^. + ^a^X^ - f^a^X. +.a*X^ 



13 



11 



67 






dix* 



dxX* 



• «' 



_^ , yv^X 96 rdrX^ ., 
"" ax 2a J « 



dx 
x^2 



V 3S5 12aV 24aW 



J ** 
rdxx* 



dxX* 

X 



?=(. 



1 



12aV 24a'x/ 
6 ^ a56 



4ax* 8aV 32aV 64a 
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TAB. XIX. 






sf^cix 



4r(a-\-bxy 



a + 6x =: X 



dar 3^Jt»^ 



rdar _ 



xdx 



m-i 



26 



i'f-^ 



A--l"-+l---^-)T 






■^■1 ■ 



^m 









ix - .^'<'^ 



n 



s: 



i— i^^+'-r-f' 



JaMa; _ / 



3<^jr 



I^-(f«-^ + — T-'+f''-)'-? 
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TAB^ XXt 



J do? r da? 



a-\- bx:=: X 



r ix _ 






^ 




dx 



/: 



dx 



j^X 



ax 



3a J x^ 



dx 

Jx 









/ 1 , 2i\ _ 2A* f d 
" V~ 53? + 3S/ '^^'^ +9SJ x; 



d« 






4aB* "*■ 18aV 



4 / » ^ajr 



248a* J x-^ 



-^mu 



i^o. 



■r^ 



M- 



■^ * 



r d* ^X 2* p dx 

r dx _/ 1 g6\ gy f dx 

Jx»^jr»~V 2ax«"'"6a'Jt/*^ "^Oa'JIJlgrF 
r dx _/ 1 4i 206«\' _ 404' f dx 

J Js?5r -p 35? Tfis? " 2?sr; ^'^ *" in?" J ti^ 

f dx / l_ lift 116* 66« N .; J 



+ 



n<w> 



24e««J'i^ 



INTJSWItAXiS QW inRM^fQVhh I>iFJF^.Ja£NTULS. 1)^ 



TAB, XXI. 



I a«"dx j^ia+bx) , faf^x^^ia-^-bxy 



a + bx zz X 



r»- 



dx^X=z 



_3X^X 



xdxi^X 



x^da^X 






46 
1 









dar^X" = 



6fr 



1 \V^tf^ 






•^d.^JP=(^:P-lax4.X*-12^X.+fa«4..)3^ 



I S 
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TAB. XXII. 



J Ax^ja + fear) Tdx^^Xo+fexy 
x^ 'J a:« 



a-\r hx":^ X 



ji^-=,^x../^ 



dx^X 



r^j^x _ X4^x b rdx^ 

J a^ '^ a« "*" 3a J a 



x^ 



J ^ 

rdxi 



dx;^x 






dxj/X 
ar* 



V .3a 



6& 



56» fdof^JT 



3ax» ' 18a«x* 



~27^)^f'^+8la'j * 



rd«^ 



|^=(- 



11 ^ 

4aar* "^ 9aV 






27aV 



lOfe 
i^43a 



dx^X 



1 f ^ 
i*J X 



dx^JP _ 3 , 



^^*+«/^ 



d* 



Aix^X' ^ X^JP 2fe rdx^ 
J X* "" ax "^ 3a J a 



dx^y 

X 



x» 
•dx^X» 



rdx^^/ i_^" 

J X* ""V 3ax»^ 



i 
6a«xl 

2b 



•dx^X» 



rdx^X> _ / 1 i \ fe« rdx^ 



2fe* 



X* 



r dx^x> ^ / 1^ 

J X* V 4ax*T 



9aV 27a'x 
7b 76« 



36aV $4aV 



76* r dx^j 
245? J T' 



. 1 ' f 
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r dx 

J (o+6*«)t 



TAB. XXIII. 



i«a«rfb 



a + 6a:« - X 



X4- V3aJr ^ 3a7 ^/X 



4 . 1 \ a: 



fdx fda: 

I — I = I "Yy [*®® ^^ following page.] 

J XX "" V3aJ 

J j^i " V6aX' "^ 15a«Jr'^ 15aV ^/-^^T 

J X^^ Va^^ 35o^X« "^ 35a' X "^ 35a*) ^X 
r dx' __ / 1 8 16 64 128 \ 

J jfY- ■" UaJIT* ■*" 63a«X» "^ 105a»X« "^ 315a*-y "^SlSaV V-^ 

r dx _ /_1 10 80 32 128 

J jj-V "" VllaX*"^99a*X* ■*" 693a^-X* "^ ^31a*-jr« "*" 693a'X 

'256 \ X 
''^ 693aVv'3C 
12 . ^ 40 320 . 1*28 



r dx _ / 1 12 40 320 

J ;fV "^ V13a-y« ■*■ T43a^ ■^"429a^X^ * 3003a*JP "^1001a*X» 

• ^^^ . 1024 Y X 
"•" 3003a«J:"*" 3003aV\/-X 
r dx _ / I 14 ^56 . 112 128 

J YV""U6aA:7 ' 195a*FT715a'X*'^1287a^X*''"l; 



6aA:7 ' 195a«JP ^715a'X* ' 1287a^X* ' l287a*X» 

"^ 2145a«JIC^ "*" 6435o^X "*" 6435aV^X 
16 . 224 , 896 . 1792 



r dx _/ 1 16 224 . 896 

J jfV''Vl7aJ!r«'*"255a«JC^"*"3316a3-X« "''121550*^ "^21879a*-X* 
2048 4096 , 16384 32768 \ x 
"^ 21879a«X« "^ 36465a7-X*, "*" 109395a'»X'*'l09395aV v^X 



U9 . INTSaiUIiS. OF IRRATIONAL DUPERBNTULS. 




Note on the preceding Table* 









Th6 first' expression is* Teftt wneit v is* positiTe , nic second when 
h is negative. Both a and b cannot be negative at the same time. 
Hence, we hare 



„ f d« 1 . .ft 1 



=Tr-TTarc cos 



2 

1 



a^2h^ 



arc cos \/2^ 
a 

I 



la* 






=— rr arc cot .. ■ is ~^ arc seo ^ 



x^b 



V» 



1 /« 1 .. 

s=— - arc cosec v r-; = r-rr wc sm vei^s 



a— ftjs 
2&e» 



All these circular arcs vanish when re = ^ 

Particular caseft are 
da: 






^(l+x») " ^^^ [*+V(l+a^] + const. 
^^^^l) = ^^ [«+l/(»*-l)] + const. 



d« 



si: arc tang 



= arc sin x= arc cos iv/(l— -x^^=i &^c €k)s (I— 2x^ 



V<1— a«) 



= arc cot 



■^-^ ' =: arc sec -77= - 



=s arc cosec - = | arc sin vers 2j^. 
X * 

lii^ integral I i.a«.8v ^^ ^^^ vanish on the supposition 

that x±:0, when the upper sign is taken, and in ibis case 



/ 



dx 



^•(+a+ftx*) i^b 






IKIFBOaALS OF IRRATIONAL DiFFtttBirriAU. lUX 

' nuliiiiMiimnnji m mmmmmmmm 



S 






TAB. XXIV. 



«+&»»= Jf 



6 



E 



J V-^""J" 

J v-y^ 

J V^ "■ 26 26 J V^ 

J VX " U* 86V ^ "^36^- J V'Jr 

J7^^V56'"T56«+I52«y^^ 

J VX "" V66 246' + 166V ^* "" IS8^ J ^X 
fx^dx /x» 6aSP* i «««x« 16a*\ .^ 

fx»dx /x7 7W* , l5aV 35a»x\ .- . 35a* f 4x 
Jv^=i86--2§65"<^l9SF"li8r*j^^ + T^ 
(V^ _ /x* 8ax« . 16a«x* 64aV , 128a*\ ,^ 

faMx _ / 01^ 9ap7 2I<^V {il«'x 63a^\ 

J "77 •" ifW "^ 80? + 165^ ~ l2»* "*" 2566*^ ^* 

63a* r^ 
2564*J 4/X 
rx»'dff /x^Q lOox? , 80a«x« 32a^ 128aV 256a*\ _ 

rx«dx /x]^ llax%^33a»x7 77aV 77a*x 231a»x\ 
IJ V-y ** V126 '*' law' 3?W 64Q6*''"ai26*"^f024^7 

1024r« J v-^ 



, 23L 
+ 



■^^■■■■■■^■■■■■'^■■■■■■"■■■■■■■■■■■■■■■■"■M" 



V» INTBQRALS OF IRRATIONAIi DiFFJ^tSNTIAIiS^ 



TAB. XXV. 



/ 



Slf^QX 



V(i-«»> 



1 — «• = X 






dx 

xdx 



s arc silk x [see the preceding page.] 



= --/x 



1 ,y , 1 fd* 






/Vd« 






r«'dx _ /I 7 

J vx- 



9 21 



10 ' 80 ' 160 



Vll '^'^'^ 1^ /5no* 1^ 



99 



192 ^ 128* 

105 ^ 315 ^3l5j 



63 



256, 
256^ 



f«>«dx /I 11 



693 
33 



231 * 693 • 693. 



320 • 640 ' 512 



* I fiiiA* T^r-io "^1024 

231 
1024 



+ 



.dim 
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J 



TAB. XXVI. 



dx 



af*^((a'\- &r«) 



a + ba^zzX 



xy/X 
dx 

dor 



=/ 



\ r Ax _ 

'J '^VX ~ 



dx 
— j=- [see the following P^c*J 

1 26 



2<»JvJC 






1 

4aa^ 
I 



3* 



+ 



8aV 
46 



dx 



xV-X 



i 






5aa:* * 15aV 

1 I 56 
6aa:« "*" 24a V 

1 6b 

lax'' "^ 35aV ' 

8aar« ^ 48aV 



\ ,y . 3J« f dX 



15a'x 



lea'x" y ^ 16o»J ! 



dx 
x*s/X 



35aV • 35a 
356« 



IQSa'ar* 



+ 



356» 



128aV/ ^ 
. 356» 
+ 



1 



+ 



86 



\W 



+ 



9aF9 ' 63aV 105aV ' 315a 
1 .96 216* . 216» 



\ 



10aa:»o * 80aV 160aV * 128a*a:* 256a* 



^ 



C dx 

I28aVarV^ 
>» 1286^ \ 

V 316a*«/ V^ 



636* r dx 
256a* J x-/- 



1 



llox 



n + 



106 



806« 



99a^ 



5+ 



326» 



^X 

1286* 



693aV ' 231aV 693aV 

, 2566 

+ 



i355-/^^ 



«93a* 



UStt IHtSGlULS OF UCRAnONAL DIFFSCBNTIALS.' 



Sb 



Note 091 ^Atf preceding Table, 
In general 



"~ l^£ ^Ll*.«ftVA ^ + const 



JcLr 1 ./ ft\ 

_— ^— — ^ afC sec Irv i ^ — I 4- const* 



Ithe first of which is real, when a is positive ; the second, when a 
|is negative : a and h cannot both be negative at the same time. 

^j^ log ^(--^y-^V const. 

Itrhere ^/a may be positive or n^fttlvtf. This integral cttulot 
Ivanish when x=0. 

d« 1 /* 1 X ^ia5^— J 

j-;;pjjjjrj « ^ «c sec .v's = ;j^ ^rc tang V-j- 



"X 



1 <. # a 1 «i/^ 

= -7- arc cot ^-r^ — = —7- arc cosec 



ft } 

All thes^ integrals vanish, when x s: v^v ; when « zz they canr 



1 v'^ 1 2a— lia?* 

sx "r" arc cos ■■ =1 » . 1 arccoa — . ■ . 

1 . V(*a?*— a) 1 2(fcr*-«^ 

ss *-rf» arc sm ■ » ■ ^. — =x :r—r- arc sm vers ^ 



not vaniitu 
Particular Cases are 






C ds , V(l— a:*>-l . ^^ , l-V(l-g^) , _ ^ 
!.—-_-—-«-== log-^-^ ^**^+con<t,=glo g ' ■■ + const 

/* I?* T 



X 



X 1 ' 2''-«* 

arcc^sec ■ v^^ ' ^v = s^c cos- t=: 4. art cos ^ 
Vv*'^ — 1) * ^ 

. V(«*-l) , 2(x«-^l) 

arc sm -^-^ = t arc sm vers — ■' * 



amsatMui or ikiutionu ditfsmntuls. h> 

tAS. XXVII. 

•ix_ j_ 

p»di _ 1 

(•i'di_ /«• s«\_i_ 

fiMt />•> ftu:> ISA'V 1 I ISa'f'i' 

(•»Wi /.< Jn^ , ISaV ,3SM\_1_ ^ C— 
r*»4e /i" 8<w« , 16o»i« 64a'x» 128fl* ^ d» 

J"jr~^8S~i65' + "mF i28t' raw/v; 



^ 






M^ INT^.BALS OF IRIMlTIONAL -DIPFVMBNTIALS, 



XXVIII. 



X 



d« 



«*('«+ 6ai«;* 



a-hbz^ = X 



rdx _ 1 1 r dx 



dx 



J x«Xi ^ V « a^) VX 

r dx _ / 1 36^\ ji a6_ r 

J x»X4 "" V 2ax« 2aV VX .2a« J "x^X 

r dx _ / 1_ ^ 8i^\ _1^ 

J ayix* "" V 3ax» ■*" 3a«x "^ 3aV ^X 

dx 



r dx _ / 1 56 156«\ JL . 1^' r 



/ dx _ / 1_ J. '^ _ i^ _ 



left'xX 1 



'^ 



^X^ V ^^* 5a'x* 5a'x 5flt* / ^X - 

dx 



r dx / n 76 356^ 356»\ 1 35^ T 

J ^7xi ^ V Sii^'^24a«x* 48a*x« 16aV ^X 16aV x^X 

r dx _ / L , 86 _ 166^ 646» . 1286<x \ 1 

J ^jpf "" V 7<M^ "*" 35a«x* 36a'x"^ 35aV "*" 35a* / y'^ 

r dx __ / 1 36 216* 1056^ 3156< \ 1 

J ^xf "" V 8ax» "^ 16oV 64a»x*''" 128aV ■*" 128aV l/X 



3156* r dx 
'^128a» J x^Jf 



r dx _ / 1 106 166> 32y 1286* 

J ^lojf* "" V 9as*^ 63aV 63aV "*" 63aV 63a*x 

_ 2566^x\ 1 
63a« J v'-X 
336* . 2316» 2316* 



r^'dx _ / 1 116 _ 



+ 



160aV ' 640a*x* 256a*x« 

dx 



_ 6936* \ 1 _ 6936* f 



x\/X 






INTEGRALS OP = IRRATIONAL DIFFBRBNTIALS. m 



/ 



TAB. 5LXIX. 



(a + ba^ 



a + bx^zzX 



r dx _ /2bx' x\ 1 

J jj^^ ^3Sx7x 

J X^ V 36 6«;XVX+6«j75 






J Xi ^ U "^ "F" "^ 36»y XTX 

J X+ "^ \2* 36» ^ W) X^X 26'J V'-X' 



J X* '"V36 M 6» .36*JXVX' 

J X^ ^ U^ ""/«&* 66^"" 86* y X^X"*" 86* J ^X 

rsfid^ _ /a^] _ 8aaB« 16^ 64a>a:« 128a*\ 1 
J J^^ U* 156«"^ 56» ■*"- 5b\ I'^fSF/X^X 

i) X* ^ U^^ 86*^ "^ I6b> "*■ 46* "^ 166* ) X^X 

105<^ r dar 
166* J yX 



Cx^'Jix ^/x^o 2aa* l6aV 32aV _ 128aV _ 256a* \ 1 
J X* "^xTS"" 76* "*" 216* "" 76* 76^ 21*» /Xa/X 



im iHTglBRMa OF IRJUneMAI. DIFFERENTULB. 



r ctr _ / i_ _» WN 1 »p rfe 

p di _ / 1_ _3S_ _ aiff > 1 ■kSD' Fdi 

r At / ,!■ .as i66» aefc'x i igsy rd* 

f— - ^ — J- "' _ s^f . -8M>" \ 1 

, Jiajw r dj!. 
+ 158S-J5? 

f d» / 1 , _4S Sy ., 6_4I> WV'll, 



f dj / 1 13& 143&* 429f ' 3003A* \ 1 _ 

J ,n;f4^\'^10aa:«'"^80oV 480a'a(« ' 640a'ie* 1280a>x'/ Z^X 

away r_d* 



tM'FBGRAIiS OP IRRATIONAL DIFPERSNTlAIiS. 4*7 



f 



/ 



a:*da: 



TAB. XXXi 



(a 4- h7^ 






o + Ax« = X 



! 






J xi 

/Vdx 
J X^ 



= r?^* 



Vl5a» T 3a«"^ay3v5f 
1 . 



5*X»V-y 



26x* x» \ 1 






fSSSv^ 



J xt "^ \ '^ 









/ 23«» 7tnfl a««\ 1 , 1 fd* 

1"^ -i^-'wj^^+vj:^ 






9 jii 



(t+ 



Sea* Sahi^ . VM 



I6a» \ 1 
56V JPV 



3^ 161aa?* 49aV 7a*ar\ 
^■^ 306« "•"66'^ 26vi»VX 



V^X 26*J ^X 



Va6 36« 



J X* *M6 



9aa^ _ 483aV 147a?g 
86« 406» W^ 



63a*g \ 1^ 

86* /X»-v/ 






i"'^^ 



, «3a* r daj 

A^P ^aa:» 16aV 32aV 128a^g 256a*\ 1 
\^' 36«"*" 36» + 6* + 36* + 166VXV3t 



.^.^ 



IM INTSORALS OF IRRATiOHAL OIFFBftSNTIALS. 



i 



TAB. XXXII. 



I 



dx 



3BF(a-i-bafi)^ 



a-\'bsi^zzX 



f— = 



xXi 
dx 



/23 , 76x« , 6«ar*\ 



76x« fe«ar* \ 1 
3a« "*"' a^ JXWX 



+ 



hi 



dx 



x^/X 



r dx _ 
r dx _ 

r da? _ /_ Jl 



caX^^X 
1 






x^ 

dx 

:X4 



Tda? _ 

J5xJ"" 

f— =f 

Ja:*X* V 
r da: _Y 1_ 96 \ I 636» f 



\_ 86 \ 1 -- 166- 

Saa:* ■*" 3a«aryX»VX"^ a* 



Xi 



dae 
pX* 






26 



166«\ 1 



a:«X* 
da; 



3aV 
116 



326? r 



dai 

Xi 



3aVX»>v/X 

L _ 336^ \ 1 ' 2316" pdx 
ar* 16aVyXVX 16a' J xX* 



( 1 . 12^ 8^' €46^ \ 1 p>^<J46* Cdx 



8aa:« ^ 48aV 



14363 , 4296* 
+ 



I92a^a^ 



+ 



-1 . 

128a<a:V X^V^ 

30036* 






1 26 

9aa*"*" 9aV 



15a»a:*'^9a*«5 



30036* r dx 

1286* \ 1 
9a*x ) X»^ 



r>da? _/ 
J «»X*"V 



2566* r dap 
3a* J jpi 
- f 1 , '^ 36 136« 1436^ 12876* \ I 
"V 10a«'o'*'l6aV 320^"^ 128o*«* 266a*a:»yX»V^ 

90096* 



266a' 



^ r dx 
^JxXl 



INTEaRALS OF IRBATIOJKAL DIFFERENTIALS. 129 



S^^SXSSB 






TAR XXXIII. 



(a^6«*)* 



a +*«*=X 



rax _ 



dx 

rxdx 



. V 35a* "^ 5a' "*■ o« 
1 



*u 



X»^X 



" Vl05a5 "^15a«"'"3a 
_ / a^ _ 2a \ 1 
"■ V 56 35b*)x^Ji/X 
«*\ 1 



pt«dx_ 



M 



X^^Jf 



35a« "^ SaJX^^X 

f! — if?! — 8a^ \ r 

3^ 156« "" 1056V XV^ 
x^ 



8a%^ 
56^ 



16a»Y 1 
"^ 356* /»i 



»v^ 









xXi 
dx 



/1*6 , 586»« , 106«a?* , 6V\ 1 
= '- 1 -—I — z-r- + — *■ 



J af'X*^ 



dx 

x'X^ 
dx 

ar*X* 
dx 



\l05a'^ 15a* 
1 

aarJPV-X^ 
1 



3a» "^ €^/X^^X 



+ 



I r dy 
a* J ar-/X 



2a««X»^X 



86rdjr 

_96 r dx 
2« J arXf 



f— =f 

J x*X* V 

J; 
I 



_ f r 106 \ 1 806* r dx 

""V 3ax»"'" 3aVX»-/X"^ 3a*J"^ 



1 



x*X* 
dx 

x«X* 

dx 

Txi 



+ 



11L\ 



+ 



996* C dx 
8«* J xX^ 



4ax* ^ 8a«^ , 
_/ J^ J6^_8^ 1 646» rdx 

^\ 5ax* "^ 5aV aV X^a/-^ o? J X^ 
_/ 1 136 143y- \ 1 4296» fjg 

" V*" eox*"*" 24aV l^^JXWX'^ 16«' J xX 



X* 



198 INTEGRALS OF IRRATIONAL DIFFBfiSNTIALS. 



i 



TAB. XXXJI. 



J 3BFCa-ybs 



3BF(a-i-ba^)^ 



JxXi^V 



a + 6x« = X 



dx 



23 76x« 
15a "*" 3a« "•"' 



1 



Cdx _ 

=( 



1 



dx 
'x'Xi 

r dx 

J x'X* 

r dx 

J X^Xi 

dx 



axX^^X 

1 
2ax«XV-^ 



6V \ 



+ 



-4 



dx 



x^X 



IhCdx 
2«J xXi 



-^ + 



8i^\ 



3ac« "^ 3a«aryX»V''X 
9& 



1 •^^ 166^ 



a' 



Xi 



V 4aa?*^ 8a' 






+ 



63fe« 



X^^X^ 8a« J^j^i 



xXi 



r dx _ 

r da? _ / 1 

J a*X* "" ^ ®^ 



r da? _ / 1 
J a;«X* " V 5a 



26 



a;«X* 
da; 



^^ _ 16fe«\ 1 J^ Cdx 

6ax* "^ 3aV 3aVX»V^ «' J x5 

/ I lU 336« \ 1 • 23l5» rda? 

V 6aa:« "'"24aV lea^arVXVX l^a? J xXi 



24a' 
126 



/ 1 . 126 m 64y\ 1 r 

V lax^ ' 35aV 7aV"'"7a*a;yX»V^ 



+ 



136 



8aa:« ^ 48aV 



1436^ 4296 ^ 
192a»a:* "^ 128a 

• 30036 
^ + 



J a?wX* V 



1 26 

9ax»^ 9aV 



86« 166» 
15aV'^9aV 



7«* J X* 
* J: 



128a 



xX* 
1 



1286n 

9a*a: J X^a/X 
2566* r dg 
3a* J jpt 

rda: _/ 1 '^ 36 136* 1436^ 12876^ \ I 

J ,iiXi~\ 10aa:»o'*'l6aV 32aV'*" 128a*a?* 266a^a^)x^^X 

-.222551 f-if 



INiraRALS OV IRBATJONAL DIFFERENT I AXS. 129 



r 3f6x r dx 



Hf)^ 



TAR XXXIII. 



rxdx i__ 

J xf - nip^x 

fj-At, / as^' afa* in i 

ra'di _ f_^_ 2a \ 1 
J X* "" V 5* 35b-JlP^X 

rx*ix _ /2A*' »*\ 1 
J jf» "" \,3&." + SaJXi^X 

J Jrt ~ V 3» 1S6' IOSM/X-a/X 
r«'d* _ / «• 2ai| _ Sd'j' 16a' Y 1 



p di /H6 
JxXs"Vl«5.+ 

]7S~~ <^X?^X oj gi 
p di _ I 98 r ifa - 

i^" ■lio'X'^x ^ J ,xi 

J;55-^~5Si"''3o1ijX'»'X"^ SrfJ x* 
C ii I 1 , lit \ 1 SW f d' 

J ^°^V~E5''" 8«v;x>vx+ 8o« J ,xS 

fd._/ _L , j»._!»r\ _! ?*^ te 

Cix _l 1 m 143i^ \ 1 429y r_di_ 

J 735 - V~ 63 + 2*.V aSWjXW X 16a' J ,xt 



198 INTSORALS OF IRRATIONAL DIFFERENTIALS. 



i 



TAB. XXXII. 



I 



dx 



3BF(a-^bxf^)^ 



a-i- bx^zz X 



Jdx _ /^ 

rdx _ 



15a "•" 3a« '^' a^ JX^^X "^ 



i/ 



do? 



*V-y 



r dx _/ i_ 



f— = T- — 



dx 

dx 

^Xi 
dx 

X*Xir 

dx 

ar*X* 
dx 



r dar _ _ 

r da: _ / 1 



axX^^X 
1 



2aar«XV-^ 



+ 



« J XJ 

7&- r dx 



3aa:» • 3a«arMV-X 
96 \ I 



J«5vi~V 4ax*^ 8aV; 



ai«X* 
dx 



+ 



26 



X'^X^ 8a« 
1662\ 1 



166° r dc 

«' i Xi 
636» rdx 



J dx 
xX* 



3aV 
116 



x'X* 
dx 



4- 
6ax« ^ 24a* 



r dx _ / 1 

J x«X* ^ V 7a 

={- 



x«X* 
C dx 

Jx»X* 



+ 



126 



32&» r 

3a3xy-X»V-^ a' J 

L «. 336« \ 1 • 2316» f 
x* 16a«xVXVX 16a' J! 

646»V 1 



dx 

dx 

xXi 



+ 



+ 



f<j46^ r 

7a^ j 



dx 
1^ 



7ax' ' 35aV 7aV^7a*x/X»V^ 7o< 

1 ,136 1436^ .4296* \ 1 

192a'x* "*■ 128a*xV ^V^ 



%(ufi^ 48aV 



+ 



128a 
30036 



J x^oxf V 



1 26 

9ax»^ 9aV 



86» 166> 
** 15aV"''9aV 



128a* 

1286* 

9a*x 



i p dx 



xXt 
1 



r>dx _/ 
J «»x*""v 



j x»vx 

2566* p dx 
3a» J jp4 



X* 

_1 ^ 36 136<> 1436> 12876* \ 1 

""lOox'o'^ieaV 32aV'^ 128a*x* 266a*x»/X»V^ 



90096* r dx 
256a* J xXl 



INTEGRALS OF IRKATIOJN AL DIFFKRBNTIALB. 120 



I «f iiii| - »i i i*ii»- ■■ * !.■ 






TAR XXXIII. 



\hx^f 



a 4- ^=: X 



C— - /15^ J. ^^ 4.-4. ^\— 
J X*" 



XJ'VX 



XT 



Jar^cb_ / 
'xi''\ 

rafidx _ 



ibxwx 

U05a3 ■•" 15a«"^ 3ayX*VX 

V 56 35b*)x^^X 
/2&£ «*\_1_ 
Va5a^ 5a)x^^^X . 

3^ 156« 1056?/X»V^X 



\ 



x^ 



laXWX 

^mt^ mmmm'- ^mm ^m^i^mm ««■• 



8aV 
56^ 



16a^ \ 1 
'^356*/»V^ 



do? 



J 



ar«X* 



ar»X* 



"" VT05S+ 15a« ' 3a^ ^ a^/X^\rX'^a^Jx^X 
I _ 86 rdx 
axX?^X a] jxr 

1 _ 96 rdg ._ 

2a*«X'^/X 2a J j^xt 

106 V i . 806* r 4r 



; 

i 



J 



ar*Xt 
Ax 

x*X* 
d« 



33?"^ 3a«a?j X^^X"*" 3a* J "x* 



1 , 116 

+ 



V^v 



+ 



4ax*'^ Sa^JX^^^X 



996* r dg 

8^JgX*r 

1 646» rdr 



p,dar / 1 . 136 1436^- \ 1 4296^ C dx 

J S " V eS^'^ 24a*g* ^is^Fyxyx^ i6«^ Jgx* 



im INTEGRALS OF IRRATIONAL BIFFBRBNTIALS. 



TAK xxxiv: 



/ 



ar*dx\/(ct+,te*) 



i^b-^aHkritMHIkwirfMMi^ 









• I 



J^ViT = (J -.^)xvx + ^ J'*.^'* 

(x^ 7ax* 7aV 7a'x \ 7«* f* «^ 

I06-806«+96Fri28FJ^^^+T286iJ "^^^ 

r -J /v /«• 8ax« ,-16»V 64«V , 128««\_,v_ 
J '^'^^^ = Im - 99F» + l23lF - 11655? + 3466r»r ^ * 

C uA /*■ /*"* lOaa^ 80aV ISOo'a;* 128crta* 
J * ^'^^ *' \j3b~ I43i» ■•" 12876» "" 3003** ''" 30036' 

, 256a» \ ,. rv 
•^9009*5-;^? 



INTBQiULS OF TKRATIONAL DIBFEKSMTlAIiS. m. 



rd.,/x_ c d. 

(■dX4« ,/X , ^ f it 

r dxy/z ^ . i. (".Jf_ 

J I-- 2i' + 2 J .,/X 

rd»i«t xyx byx b' r d» 



J X- tarn- oax- oa j xy a 

f^i!^_/ 1 , it : W \^ „ ■ 

C'^yXf I : Hi Stf \ Sf./X 

J.i", ~\ 80I'''' «oI»" ^ov; '^ ''■ HSoW 

S>' ' p fa 

I r*j« _/_ J_ J. _?»_ _ «"' , isf Y„' ;j ^ 

J I" ^ arf "*■ 21a"il lOSo'i' """aiSoV^ '^. 
ri^yX I .1 , 7>^ 7f 7P \ , . 

J »" ~V 10a«'" "•■ 80a'«' 9&.V ■•■ USa'i-^ '^ 
_7fiVJ _7i^ r ix 
■ , .256«'a'7 2fi6a*J xv"'" 

rdn/X ^ / _I 8i _ 16f 64t' 



13d INTEGRALS OP: IRRATIONAL DIFPERENTIALS. 



TAB. XXXVI. 



fa-»dx(a+&t«)* 



a+6«« = ^ 



J 



r**dxx* == ( 



xdxX^ =s 



x^dxX^ = 






5b 
66 



66 J 



(kX- 



jc'dxX' = 






/■ 
f 



r»d«X' == 



x^darX' 



86 

(«* 
"96 



V106 



^- + 3156^)^^^^ 



636* 

ojc* a** 
T6P''"32F 
2aar* . 8a«x« 16a» 






fa:8d»X* = 



U26" 



336* 
r' 7ax* . 7a*«' lci?x 



j)x*^/X- 



4 



L^ T*^x +-^ fdxX* 

?j^^^^3846*J 



1206*^ 1926» 3846^ 

8aa;« , 16a*x* 64a»±* , 128a^ 



Vl36 1436**^4296* 30036^'^ 160 1667 ^ 

3aV , ^a 



IT46"" 



1436* 
3ax^ 
666* 



+ 



4296* 
3a*ar» 



806* 



P"^^* = (iS - 



3tt^ r 

"" 2566* J^ 



3 



396* "^ 



16a*a:^ 32a-^x^ 
4296* 



12876* 
256a» 



+ 



45(H^<' / 



dxX 

128a*x^ 
90096' 

)x»v^x 



ISTBaRALS OF IKRATIONAL DIFPBRBiniALS. IM 



J »« 5a^ 

J «»j ~V So** 16aV ~ 64aV liSo-W 



3f fitrX* 



fi£;_/ 1 4t sy y.. ,- 

rdjji / 1 J_ t' -f y N 



SS4 INTBaiUJd OF IRRAllQNAL DIFF3BRENTIAL8. 



r 



ITAB. xxxvin. 



/ 



aJ*da<a+6a;2) 



.i 



a + Aa;*i=iy 






Ih 

85 



a!«d«JC* 



far^darX* « 



86 -Jb]^^^ 






806* J 
99r«+693&»y ^ 









/ a^ oar* , aV a^x \ ^..^rz ' <** 



" 246«+4i4i^T2555J ^V^ +^f28Mj^^^ I 

I96P"^71565 64356* "^46(214567 • ' I 
9oar^ , 3aV 3aV 9a*a? ^ ^^ , J 



.«.d«X' « (^ --^ - 3-^ 



J 



a"dafX^ 



^»*_ , v^ ^ 3ttV 9a«x \ 
2346«>'*" 1284* a56i< "*" 20486»y ^ 

,2648FJ:T i 

/«'<* 2a«* l«U««> 3<i/>3!r* 19fU«x< 



B« 16a^» 32a»a?* I28a^a:; 

615« "*■ 6635» ^ 2431^ "*" 218795 

256a* \ -1 ... 



1531535«; ^^^ 



1NTB0EALS OK IRRAXIONAL mFFBRBNTIALS. 1» 



F 



TAB. XXXIX. 



4?(<»+*x*)*' 



*c* 



a+b3ii»=X 



f'^=(-i-^)wx+^rv 















+ 



66 rdxXr 
2a J ^. 






3a*a? 
36 



f^ = ("-4^"'8^)*^^ + 



rdxjgT _ / 1 

j a« . V 6ax* 



8aV 
26 86 



1 5b' 







15aV 15a 
6 



fc)'v-^^t^*". 



r 






dxX* 



V 6aafi 24aV IGaV/ ^ "^ 16a» J «. 



a* 



7a«7 



48aV 



^ 192aV ^ l?8 



3a*«V ^ . 
56* rdgX^ 
I28a* J a , 






X 

•dxJ!* 



/^-(- 



1' 



630^' 
36 &« 



i> 



3A« 



y*^^ 



10a»»o 80<>V 160aV 640aV 1280a»ar^ 

36* - rdarX* 



'dxX* 



256a» J ' 



.19 



V llax'«^99tf«x» 693oVy ^ 



MB 



Qtt IKTSGRALS OF IRRATIONAL DIFFBRBNTTADS. 



tab; XL. 



ja:**da(< 



a+6«*y 



a-{' bai^zz X 



Ux 



35a* r ix 



xixX = 



U "^ "4r "^ -i9r + 128 ; ''^^ + 128 J .": 



tx 



,i _ gxyx 



lOi 
Vll6 



dxX* 



106 J 



ieX' 



'^'^^ = fe - 1436* + 1287^) ^^^ 






V156 656« ^7156» 64356*/ 

7a* 



166 326« ' 3846* 2566 

8aa;« . 16aV 64a3a;« 



i=)^vx+,-^Jd^* 



2566' 
1286» \ 



r J V* / «• 8a^ 16aV 64a'ai» . 128 6' \^^ 
J """"^ =\l76 ~ 256P+TT05P~ J 21556*"''l093966»y ^ 






aV 
646* 



/*" 



dxX* =s 



"" V196 



lOaa* , 16aV 
+ 



"" 7686*"^ 5126*; ^^ 

128tfV| 



7a* 



' 5126 
32aV 



J- 



+ 



3236« "^ 9696* 41996* ^ 461896- 

256a* \ 
"'4157016«j^*^^ 



INTBORALS OF IRBATIONAL DIPVBBSNTUL8. W 



TAB. XLl. 



( •djCa+te-)* 



J a' <M o J 

r diXt X'^X lb fd»Zt 

J »» ~ 2<w« "^Sa J » 

fibii / -1 46 '»■>,, ,r J. *^' fj.vi 

J -li- = (- SSi - TsSv - -wTJ ^^■*+ 1? J '^^ 

J »> ~V &ii" 8«V 16a'i«J " "*■ 1&."J X 

fJjXt l_J__ J^ ^±_ _ '«■ \~. ,, 

J xfi ^\ laxi 35aV 105a'** 35a'a:/ ^ 

^ 36o'J 

fdjjrt _ / _1_ _ _4 V__ _ W N „, _ 

J I- " ^. eoi- 48<« 64a'i' 128«'W 

358* rdiX* 

T isao- J « 

rdxxf xyx 

J •"> ~ ,9o»" 

fdiJC* _/ 1 5 5- V » y -. ,. 

J i" ~V llto»"*'80«W ' 480<i'»'"''64(te'r' S56<.'W 

~2«6«>J « 



^Ml .lim&QMAlM OV IRRATIONALi DlFFSRSNTJAIiS. 



TAB. XLII. 



;^.+a^/, p* 



a + ba^ zz X 

^■—1—'*'— 1 11 11 11 I ■■ 1 1 II ^—— , 11 I 

Ho • - ■ -. 

'^^^^-^ (4- ra)''^'' - ' 



•darXt /X" . oJP . o«X» . oSX . A r d* 



J ar . ax ^ J 

J «' "" 2ax« "''2a J a: 



^^■■J ■ I. .1 



iKfMtUtiS Of timATlOMAL BtWEttmfTtAUi. Wt 



mtm 



;, 



dx 



TAB. XLIII. 



{cus+ba^' 



i^-h*. 



u 



WJ + &r« = X 



«***a«M*i— *«M 



1*111 I 



"^ ■■ ' ' I II m 



■*' ' m III 



dop 



f— = - 

f d» / 



-y=[8ee the following page.] 
2(S6a?+a) 



dX '^ 3aV aW^ 



5X* ^ 16a»X 



4«6 2.4'6«\2(26x+a) 



2.4»6« \ 
16a* / 



1 6.46 

?!^ '^^ 35a«X« " 35a*X ' 35a« 



2 . 4»6« 4^6^ \2(26g+g) 



dx 



/•??-( 



J^ = (- 



1 2.4^& . 4*6* 4g6» 2. 476* \ 2(26g+a) 

■9Jee^€3a»A? 105a*j£^1"316a«jr 315aV aV-^ 

- f _ ^ -L ^Q'^ _ ^'4*6* 2 . 4*y _ 2 . 4^6* 

. 4°6^ \ 2(26a?+g) 
"^693a»V aV-^ 

"" V^ T355'^143a*X*""'429a*JP'^300^i«J? 1001a»JP 

2.4«6* 4"6« \2(26ar+a) 



"*■ 30b3a'oX 3003a»V aV-2f 



J XS 



XV 



-(- 



+ 



14& 



14.4»6« 7.4»6» 



2.4'6* 



rdx _ 



15JK» ' 195a«X» 715a*X* ' 12.87a?X* 1287a«X» 

46^ 4"y 2.4^«67 \ 2(26a?+a ) 

[ > i"*ijH46a«>lP»i -64^**X "•" 6435a»V aV^ 
2(26g+a) 4^6 r da; 



Ji 



MOt .IMTBGRAIiS OF ISIUTiaNAi^ DlFffBREKTUIiS.. 



Note on the preceding T<tbk. 

m 

§ 

In general 






from which it foUowi, that in every case the first expression is 
real, when b is positive ; the second^ when b is negative. Hence 
we obtain 

7""" \^6 °^ o 

2 , iv/(«+^«)±V&« . 



/ da? _ 2 x^-^ 



"•J 



The upper signs are here taken together^ i^s likewise are the 
lower. 

dx 2 ' x^/b ,2 ^ / 6* 

-_;-j-j=-^ arc tang-^^^^j-^^=-^arctang^^^ 

2 .a—bx 2 ' ^ a 

=s -7YarcQ0t4/-T— = -Trarcpecv'— ^nr 
^b ^ bx ^b ^/»— te 

2 a 2 . ftx 

= -rrarccoseciv/r- = -TT arc sin i/-- 

i/6 ^ bx yft a 

2 ,ar-^4}x 1 a — ^24« 

sss — -r arc cos v* = — tt arc cos ■ - 
j^b o. : v6 a 

1 . 26* 

SK —7; arc sm vers — • 

All the integrals in this page yanish:when x ::= 0. 
Particular cases are ' 



/ 



^^j =±, log il-2. T 2V(*W)]. 
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[ 



/ 



tab; xliv. 



ac^Hlx 



^(aX'^bstf) ^ 



<ur + fia* = X 



[Vdx 



J-j^ (see the preceding* page) 

(g* '5aa; 5a^ .y 5a^ C ix 

(^ - Zf!^ a. 35c^a:_ 35a' V ^: , 36«^ f dg 
Uft 246« "^ 966» 64^7 ^ "^ 128?* J ^X 




9a«» 21a 



406«^ 80^* 



&> "giS^ "^12867 "^ 2666*J 



dx 



/»*^ Ilgg* 33aV 11a^:fi lla^x 231a»\ . 



61268, 
231a« C da? 






./: 



13ax* 14SaV 

+ l45F 



846' 



^ 10246«J ^X 
22406* "*". 6406* 



-:+ 



6I26« • ^ 102467 



1126« 



143a»* . 429a«\ 429a^ T dar 

7 ^ 2048^7 J ^x 



15a«* , 66a^ 
+ 



'4486^ 



J\/X - 



Vdx 
\/X 



429a*a* 2145a<^x 6436ay 
20486* "^ 81926' "* 163846* 

«V^ 17a fx'dx 
96 



143a^ar* 1287a? ; 

8966* ^ 7168.^ 



V ,^ , .6435a> fdx 



J \/X "" \l06 



17a r 

186j ^ 1 
19ax»\ - 
1806V ^^ + 



19a«r8\ ,^ V 323a« Tx^dx 

3606« J «v/^ 



•t 
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tab; XLv. 






i^ 



ax + fe» zrZ 



dx 

dx 

dx 

xV-^ 

dx 



2^jr 



Hj iiB ii jt 



{ • • .•»'-■»» 



I >. 



ox 



26 



V 3ax« ^ 3a«x 



)2VX 



r dx _ / 1 46 8t« \ 

J x'-v/X "■ V 6ax» "^ l5aV , I5tt»x } '^^ 

r dx J/ 1 



/ 1 * b6 ^5« ; 166' Vo /v 



x*V-3^ 
dx 



166^ , 



•S»L^ ^^ ^<ltN 



63?? 106aV ' 316aV - 3l6«5a: 



.)av^ 



Jiv5~v "nj^"^ 



m 



806« .. , 326* 



\ 






. t 



99<t^x» 693a^x*^?31a^a?; -693a*«* 

2566* 



J": 



dx 



+ 



693a«x 



.)yi 



xV^ 



V 13ax7 ' 143aV 429a^"'^3003«?^ *^ IQOlaV 



.* ^ . ^' I ^3003a<>x« 3003a7xy^ 

r dx, / 1 146 ..5^y^ ^ .1126» . im^ 

J>^X""V 15ax«, 195<i»x'^'^ 716a^x«^ 128?aV 1287a*j 



• '.' » 



A «. I 



/: 






dx 



aP^X 



_ 2a/X 



Maafi. 



/ dx 
x«V 



r dx _ / 1 



166 

17a J ^^/^ 
196 



\ T^ 



.< ■^. 



190X^0"^ 323a»x» 



>^^+323?J 



dx 
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Cxdx ^ 












(ox + fee' 



TAB. XLVI; 



ax+6x* =: X 






_ 2(26x+a) 
2a: 



- 1 









2de 



J/: 






XT 



da? 

7x 



Xi 

J xi 



4^" ift* 






7<MP? 35ttV 35o'x 



126 

3aar* 

86« 



+ 



246^ 
21aV 



J^X^ Si^ J^^X 

'»\ J : 35a» rda 



1 . 



105aV _ 31 5a^ g 
646« 646 

3150* 
-1286 



+ 






^x 



406'^ 806» 



lla«» 33a°af» . 231a»g^ 231a*a:« 693a>a?\ 1 
f oA^ 32044 + 1286* ' 1286V ^X 

693a» 



B 



r"V66 






; 2666" J ^ 
13aa!< UaaV _ 143g»g* lOOlg^jrf , lOOla^ar* 
66 606« ^ 4806*^ 3206* "*" 12806* : 6126*» 

3003a«x\ 1 . 3003a« C 6x 



6t26^ 



:\ I 3003a^ C 6x 
jyxy lt>246' J v^X 



rgdx_ x» Ifo pg*dg 

J Xi ^ 76^X 146 J X* 



Xi 

llVodx 



— I 



"" \»6 1126V;i75'" 2246» J 



'x^do; 



«pnp 



«l«iy 



^ I 



n 
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TAB. XLVII. 



r dx 



ax + bx"^ = X 



,«X*"" 3axv^X. 3aJ j|^4 

r da? _ / 1 86 letn 2 64&» r djc; 

J ^jf^. ~ V 7dx9 ■*" 35a«a?» Sfia^a:/ V^ 35a» J" jfi 
r da? / 1_ 105 _ I6b^ . 32fe=* y 2 

128M r daf 

Jdg / r 43 _ 406« 64» _ 12^6n 2 

x^Xt^V Ho** "•"335? 231aV "'"231<i««« 231a*x/V-S^ 

5126^ r dx 
231a* J x4 

_1 146 566^ 80y 1286*11 

13aa:» "^ 143aV 429aV ' 429aV 429aV 

2566* \ 2 l624y :rcb? 

■^ 429««a?y V'-^f ^ 429a« J jpi 
166 2246* 8966» 



J««X^ V 



15oap^ "^ 195aV. 2145a»ap* "^ 6435a*a?* 
_ 2566* ' 20486* '40966^ A 2 ^ 163846^ rdx 
1287dV^ 6435aV 6435a7«j^X 6435a7 J jj* 



da: 



r da? _ fe 186 r 

Jx^X* 17a*»VX 17a J j 

C ^ -f ^ 206 \ 2 3606' C ix 

I J :xfiX^\ 19«^ 323aV; V^ "*" 323cr«J ,7Xt 

r da? _/ 1 226 4406^ \ 2 26406* T dx 

J sW>X*""v 21ax«> ' 399aV'"'67^3aVy VX 2261a» J ^^T^i 



< • •» 
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; 



2f^X 



TAB. XLVIIL 



(flX + bx'^ 



Tadx _ 

J xfr ~ 

r a!*cb _ 
J X* ~ 



pr*cbc 
J X4 



ax 4" ftx* = ^ 



5a? 



4(2&ar+o)\ 2 



SaV-^ "" U + Aar*" *a« ^ / 






Cx^dx _ 



ZaX^X 

V3a-y ^ 3aV ^-^ U 
2Ar» _ 2ar« 



3aV-3f 



+ 



2x 



\ 



'\'bx ajZa^s/^ 



=(- 



8ar» 2aa«\ 1 1 f dg 

36 'WjXs/X "^ 6« J V-^ 



g* 20aa?» 5a<a:n 1 6<y C ix 

b "^ "Ijr + b^ jXi/X . 2ft' J V^ , 



rx*d«_ A 

p^_ /g* Tog* 35a«a?> 35a»a;« \ 1 
J xi "" \2ft 4ft« 3ft» 4ft* yXv 

Tg^da? _^ /g* 
Jl^""V3ft"" 



IftJT 



3ft* 
2]gV 
86^ 



35a« 
XV-y"^ 8ft 






ig 

■^ 2ft* "^ 8ft* ) X^/X 



J "IS "" V4ft "^ 24ft« "^ 



105a* f dg 
16A» J ^J 



33aV 

32ft» 

1155a* 



231<tV 
64ft* 



s/X 

385a*g* 



16ft' 






g«V 



+ 



1155a 



* rdx 
128ft«" J VX 



13ag' 



+ 






40ft« 
32ft» 



+ 



+ 



64ft« J X^/X 

I43aV 

24K)6* 320ft*' ' 640ft* 

3003aW\ 1 3003a* 



429a»g* , 3003a*g^ 
+ 



6bX^X 



4ft J 



128ft7 
^x'^dx 

J? 



/X-v/X 256ft7 J -/X 



rdg 

J 7^ 



I 



Its ISTBOUkia or imuXIONAI. DKFSBSNIU^ 



fJjL ^_ _L a. "ft ° , W fji 

r d» / 1 4> 8ip\ ■» 64y r<i 



■BiA XL«. 



I. 



j;»C<Mr+fi3?i* 



r d» _ / 1_ 14» 86»__ I6y \ 

J ii^x* ~ \ iio** ^"'^ ^atfa? + asft** / 

33a' , 

C Ax I ! 166 , 2"^ '\%W g566* \ a 

j jjx+~V '^W* 143aV T5l7aV"M^o*? 429aVS75 



2048fi' 






CAs_^t I 65 96f 448^ gfiW 



>^X« V 16«M»^ 65a**» 715aV ' 2145«rte» 715a'* 
Slgft* \ 2 4096y fdjc 

■** 71fia»3:J A^V'^ '16a* J Jt* 
r *r _ / \ . 4& 246' _ 384t' _1W2*» 

J ^ " \ 17^'"*" filiV 221a'a;*'''2431aV ~7293^ 

10246* 20486" \ 2_ _ 163846^ p^da 

"'"waiflV, 7AZ\.a^x)x-^X 2431<i'J ;jj 

rir_/ »1 86 \ 2 176» rd» 

J ^X*~\~21'«» ''" 133aV/x;?5 + lasia'J j,xt 

p da _ / I 266 gpsy \ 2 4S766* ^^^A 

) uioxf~V SSoar"" ' 483a'x» SO^^/Z^S 3059fl^J jij^ 
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/ 



ar*dx 



(ax+6a?*)4 



€LX + bx^ zz X 



Cdx _ 

[J X^ " 
Tarda: ___ 

= (: 



dx 

*x^dx 
Vdar 

"F 

'x*da? 

xi 

Vd» 

IS 

V4? 



166 



V X^^ 3a«X 



2x 



128in2(26x4-q) 



SiaXWX \X aV 16<»*V'X 
f! 4- ^' \ ^ _ 16(2fea;4-fl) 

x^ 4x» jBx \ 2 
Xi "^ 3aX "^ 3aV SaV'Jt 



+ 



2x3 \ 



X^'^ ZaXj ^4/X 
2x* 






5aXVX 
?x« _^ f^*^* 



2x^ 7 C«Mx 

■^56-X*V'^+56j'3cF 
/x7 9ax^ I 

V26 "^ 1067 ^^/-x: " 

llax7 33a«x^ 
126« 206^ / 



63a 
206« 



p 



TABw L. 



Tx^dx _ /^ _ 13ax« 



1 



143a«xT 



*x*jix 
X^ 

231a^ rx»dx 

429a»x«\ 1 



^' 



+ 



J ic*dx 
"xi^ 

i»x«\ 
)6V 






■nnie 



L « 
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, 



J xXi~ 



r Ax 






TAB. LI. 



X 



tb 



a^Cax+6af*J^ 



ox -{- bx^zz X 



dx 
dx 
dx 



_ 12ft f 



dx 



7aarXV^ 7oJ jfi 



dx 
x*X* 



/ 1^ 25 \ 2^ , 8ft« rdx 

\ Ua 



lax*"*" 99a«x« QQaV-X^V-X: 33a» J jf{ 
1 186 326* . 646» \ '2 



13ax*"^ 143aV 



+ 



■) 






143a^x« ' 143a*x / X'a/X 

7686* r dx 

+ ---:* J ;pj 

246« '1286» 2566n 2 



143a* 

_1 46 246* ^'128y 2566* \ 

I6ax*''"39o«x* 143aV ' 429a*x« 429a'x)x'^X 



J afiXl \ 



J x'X* \ 



10246* r dx 
■^ r43a* J xi 



+ 



226 



886« 



+ 



486' 



2566* 



r7oa« • 255a«x* p63aV ' 221a*x» 663tt»x« 

J dx 
Xi 
1 . 246 1766« . 7046» 11626* 



5126^ \ 2 20486« 
"*"663a«x/JP-v/X "*" 



f 



+ 



19axT • 323aV 1615aV ' 4199a*x* 4199aV 
20486» 40966' ^ 2 491526^ C dx 



+ 



rdx _ 

J x»X* 

f— =f- 



■/■ 



4199aV 4199a7x/XV-y 4I99a^J jp| 
2 266 r dx 

21ox»X»-v/-X' 21a J ^7^4 

_1 46 \ 2 1046* r^ 

i23ax» "^ 69a«x«yX»VX+ 69a« J ^iXi 
dx _ / 1 66 86* \ 2 2086> T dx 

xW2^ "" V 25ax>o ' n6aV 1 15a9x«/5v5"^l 15a* J Jj;^ 



SB 



INTEGRALS OF IRRATIONAL DIFFERENTIALS. 148 



/ n-ix r Ax 



J A* la?"*" fia'X* So-JT "^ 5te ) 7aV-X 
rjd£ _ 2« _ /J_ _ 16A 128y \ 24(2fa4-a) 
J x^ 7oX>,/X yX' 3o'jr "^ 3a* / 36aV-K 
r^Mar _ /£ . 2* \ _ 2 , _ / J. _ 86\ 32(2fi«4-a) 
J X* IX" ^ (iX»y7aV-y l,Z a»y 21«VX 
fg^ ^ /K* 8a* Ifa \ 2 128(26*+tt) 

TrMj _ /** , 6g' ■ 8»« , I6x\ 2 
J X* ^JP"'"5aJSr» + 6a»X'''6«^y 7o^X 

p«'dj_ /«* 2«' \ 2 _ / 1 2 \ 



^ 



r dt -2 _ m CAx 

J tXf ~ 9a»X»V^ *» J Xt 

fdjt _ / 1 26 \ 2 326' rd» 

'— -/_ 1 / . 206 _ 406* \ 2 64oy r'd» 
^X* \ 13ax»'*'l43a'a:« U3a'«y^V'-X^ 143<«'J j^i 
r da _ / I 226 _ 86* 166" \ 2 

2566* p 
+ 39a*J~ 

r_d*_ / 1 86 1766* ■ 64y 1266* N 2 ! 

Jk'XJ-^V 17oa!»'*'8fitfa* 1106a'a»"'"221a*ie«~ 221a»«;X'V-X 

20486* p dar 

* 221a»J jfj 
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' 429a';c« 429aV 
■■ 448P6' "*■ 5120i> 

«0646' "^ 89606* 



ODNXIGBJJ&S iOQF JRHftflMUlL 1HIF«SAS«nilLS. Ul 



i 

TAB. ILI7. 



3*1 



ax + bj^zzHt 









/ 






J^= _«^,„ ^15^S5 



J «* 

(Ltn/.X 



\ 6a 



5aa;* 
7aX 



+ lisi'^*^ 



fcbv^X / 1 

I t I .■as ' I «— I 

J a:' V, 11« 



« 



> ii 



•^toS^^)^^^ 



1 .26 



8i« :, ie> 



,) ^^i/X 



86 



99aV 



166« 
2dla'x 



:* + 



646» 



U55a*t 



f 



'6x\f'X 



( 1 

(■■MB I 
\ 13a 






13aa:« 



+ 



ro5 



806* 



143aV 
1286* 



1287tf'a;« 
2566 



+ 



160i» ! 



3003aV 



'dxi/if 



^ 



(- 



^ 9O09aV / ^ 



3003a*ar* 

46 86* 

15a^~^ 65ertc8 143oV ' 1287a*a:« 3003a*a:* 



+ 



9O09aV ^ 
.646* 1286* 



+ 



6126* 



i0246« 



• I 



I 



(Lr-v/X 



l'60r5a«x* 45045a V 
^ 17a«»' 17a J «» 



)2X^f 



2246« rda?i/X 



J x»> V 19ax" ^ 323(i*W ^ ^ 323a« J 



1 



IM . IMTBOftALS <»f IRIUnONAL DIFFBKBMTIALS. 



TAB. LV. 



fjf*cC(U!+ftj!«>* 



ax+ J«* = X 



r , _♦ fX 3a*\ 2bx+a ,- ^ 3a*. T ix 
j«<UA - \^9^-^l444«+2016*» ** SSSM^"^ 38406V ^^ 



14da^ 



I43a* r 
15366* J* 

J ■" V10& 126« "^ 1926» 26886* "^ 36846*| 

- --5120?*/^^^+ 2048^ 

f TiLuS* - /^ — 17«g^ , i7a«a?* _ 221aV 221a*a:«l 
J* "" VI 16 . 2206« "^ 2646* 42246* + 



63766* 
221a*a? 221a< \ ^ ,^ 221a^ C:i^rr\ 
71686«"^102406T 



J 126 24* J 

J V136 1046»/ ^ ^2086»J 
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/ 



'dx(ax + &a^)4 



TAB. tVI. 



a« 



ax+hfizz X 






AxXi 



dxXi 









f 



'd*X* 



_» fix' 



J^ 



'dxJTT 



Xyjr 3a4/X 3ab C dx 
x^ X "*" 2 J ^/X 

"" 3aar* "*" 3a J x* 

2X^X^X _ 2(a+hxf^X 
603^ "~ 5ox* 

/- 1 . 2* \._ .^ 



J X* "" 6ax* "~ 5ox* 






dxX^ 






63aV 315avj ^ 
/ 1_ 2b . 86« - . 16i 



1155aV/ ^ 

> _w 166^ 646» 

13aa:» "^ 143aV 429a»x' "•" 3003aV 



26 . 86« . , ley 

33aV 231aV "*" 1155a^ 
/_ 1 , 86 iftA* 



f 



dxX* 






■to 



/ _ 1 _26 166» 326» 

V 15aa:»o "*" 39aV .429aV "*" 1287aV 

1286^ 



1286^ , 2566* V_Y«^Y 
9009aV "*" 45046a«xV ^ 



»4 inMcmjktiS dr ^iiiiKtf oNAi. t^pinftfiNTiAiiS. 



ma 



mtm 



t 



r^tB. utti. 



P 



•flap(fiw?4-fite«) 



.2\Tf 



air-h da^itJt 



a:cbX 



76 









14^ J V^X 



10246' 




^i 



76 26 J 

QA 1 aAW ^ 09AAS ; -* V -^ f^^ J 



• 



1446« 
V106 UB06« "*^ 28806^ 



llaa? llan 
1446« ■*" 2246V ' 

.4 /• .« 



/ 



a:*da:X*' 



far^dorX^ 






- ^^ 

"" V126 



44806* / 
12806* J 



4- . dxX' 

^ 12806* J 

446* '^'79365' 11526*"^17926V I 

^ 5126* J 






17ttx* l7a«g» ;^^^^''j i ^^^^ 
2646^ ■*" 35269 63566*^ "^ 92164* 

40966« J 



rf'darX* 



264ft'- o..*« w««» 

14336r«y*^^+ 40966^ 



9;«cLc2f**= 



A146 



TSH 266 J 



jf**^*(ra- 



J 



.S' 



a-»odj»jr^ 



^36 ^ 

4206» ^ 5206» ^ * v ^ I040ft» J 
5ft "■ 96ft« *'" aeSSft* **■ 33558ft< ^ 






-/ a* 5aa:» 1 l5oV Jli5j^ ^, ,^ 

V 166 "■ 966« ^ ' 268865 ^ 33^86* J ^ , 

2185a* /• -* 

■^66566*, 



66566* J 



llNTEGitALS 



IRRATIONJLL BIFFERSOTIALB. VSb 



Jd aj(aar -f- hx^i 



TAB, LVIIL 



oop+ia^ = -X" 





"T*-''-!/* 



diX 



• 

T 



(e+-^^-+^7"^^ 






=( 



1 La« 13a^x 6^« 
^ "^ 12 + 3 



tf^ 



dxX^ 






»' 




/X» 5aX 16<»»\ 



dir 
dx 

15a«6 r^ 



8 



dxX^ 



3a«* "^ 3a 



J a:* 




f^J ^L^Wvx + i^r-^ 

V 5at« ISdhi^J ^- ^ 15a'J x* 
feiP-^X 2(a+&ary^X 



Tax' 



7ax* 



.10 



V. llo** ^ 99aV ^m^'J ^ 
'^ V 130 



(- 



13ax»« 
1 



+ 



8»» 



+ 



I5ax 



143aV ^29a^at* ' 30030 
-85 _ 166» 
■» ^ 195a«x* 7l5a3j|p« "*" 

r286* 
45045a 



)03aV/ ^ 



646» 



'6436a^x 



4*4 



W^aaiAaMiM 
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TAB* LIX. 



Caf^ax+ba^^ 



ax+ hsflzz X 



J^^ ^\b ^ 24F + 384S5' "• 1024iV 16 ^ 

35tt» r fc 

+ 32768i* J i/X 

jx-a*A -^j3j 3i26» T^ 22886* 7046*M1526»y ^ 

^2666* J 

r yt _ / *» 19ag* 323oV _ 1615o««« 323(rt! 

J a»d«X - y^^ gg^, + gygg^ 64064** "^ 19712*' 

r_«j vt /«• 26ax» ,115aV\_ ._, 805«^ T^m-y* 
J *°^^=(l72; - 544P+3264?rj ^^^- 2T76fJ "^^ 

^ «704** J 
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TAB. LX. 



■ 



'dxiax+bx''^ 



a« 



ax + bx* = X 



•darJT* 



•d*Xi 



_ /3P , 7<ty , Z5a*X 36o»\ ,y 35rf*.rd« 
~ V"3«« ■•" 12?" "•" '24?' "" 17/ "^^ ■*" 16 J^if 

22PJX Ih rdxJ^ 



~ 3x» ^ 3 J «• 

_ /_ J !L^2JP4/X+ ??^* f^ 

- V 5** TSS^r ^^+ 15o J «• 

_/ 1 _6_ 2i»\ Jft^fdx^ 

~V 7*' 5ax« - 15aV/ ^ "^ 16a« J «• 






!lO 






V 13a*«' ^ 143o'!t«» 1287oV/ ^ 
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masm 



mmmBBm 



TAB. LXr. 



j x-dxfax-^&x'/^ i- 



'dfCox+ftar*)^ 



x"* 



OOP + 6aj* =: X 



dapX 



K^ 



xdxX' 



x^X^ 



b 326«'^ 25669 40Q66* "^3276867 20 

63a>o r 
2621446* J - 

-TTr""26j^*^ 

rap _13flL\^, ,y, iaa» 
,m"" 26465^;^^^+ 4SF 



^X 









* U26 2646« /'^ " ~ ' 486^ , 

■•VT3J'"T04? + l76F/ ^ 
J^^XyX 17a C^^yi 



mj"^ 



dxX^ 



x'dxX^ 



afidxX^ 



_(xl_19^ X 323£ r f 

— /^ _ '''^ 4. lV^ \jp /y 323a> 
"" VJ6* 1606» "^ 6405» ) ^ 12806' 



- * P . 9"^^ /y ■ 9«' 



7ax* , 19^\ yj ,„ 323a> f , „H | 



J 



aJ» 
'd xXi 

'darXi 

a?* 
'da?X* 






=rii 



At? + W-^ — P- W ^ J^^* 

■ W ' ^ 0;^^ ' 160x +-6rJ ^^+ m J "^^^ 

V5** "^ 40x5 "^ 80*« "^ 64* "^ 128r 

63a* rj« 

"•" 266 J i/i 



r 
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ssaaaaamammm 
TAB. LXII. 



/; 



dx 



(o+6x+cx«)t 



a + bx '\- ex =. X, 4ac— 6* ;p A 






l fd» _ 
J J*" 



J X* 

\rdx_ 
) xi 

'fix 

) xi 

) X^ 

Ax 

7f 



Cdx 

l.-Tj[8ce the foJilowing^ 1?%^«1 

2(2cg4-ft) 

/ 1 ^ ^^ 2(2cx+6) 



Vsiijr"'' 3;fcV 



=( 



5kX^ 
1 



+ 



+ 



4"^ 









7kX^ ' 35A^X^ 
/ I . 2.4»c 



4^ Aifs! -L i!f.W^««+^ 



35ife3X 

.4.V H,47c*\l 



4*c« 






r^-f 



dv 



dag 



dx 



I , 10.4c , 5AS^ , 2.4'^c> 2.4V 

, 4Pc* \ 2(2cg4-&) 

I 3.4^c 10.4»d» 5.4V 2..4V 

13iUP "^ 143SJP "*■ 329F^ "^^ 3003i?^^ 100U»X» 

2.4V 4"<« V 2<gcy.-trfe; 

"•^ 3003A<^X "^ 3003*V V^X 

/I , 14.4c , 14.4'c« 7.4'c^ 2.47c* 

itSra""*" 125»X^ ■*■ ^I5*?2?+I28.74*X* T "1283 

'4"c«^ 2.4^V \2 (2ca:+6; 



( 



4^6^ 
_ 2(2cx+6) _ 64c 



.wi.m. 



VX 



ITAX^yX Wil^ jpV 



; 



dr 



■an 
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•I 

I 



\ Note an the preceding Table. 
In general 

^ s-i-Iog[2c«444-2^cV(<3i+&v+caO]+con8tJ 



or 



^;^=; 



Ax —1 2cx+6x , 

^/ ■ r » ^-^x = -7 ^^ *"* "77TS — t\ +COngt. 

The first foha is real, when c is positive ; the second, when cis 
negatiye. Hence it follows that : 

and when this integral vanishes for «=rO, 

^X "" - V'c ^ 6±2^ac 

The upper signs must here be taken together ; so likewise the 
lower signs. 



11 f ji.= r — 



1 . 3ea>-4 

ercsm 



V'Ca+te— cx«) v'c -•(6*+4«c) 

I ix^eX 1 . 2cjtu-6 

SE-— arccos ., , ^ — ■. = -— arc taiur . . -, 

j^c v'(6*+4ac) ^c ^^2\/cZ 

=5-7- arc cot — — - = --^ arc sec ^-^-7-=— i 

= -7- arc cosec — j; -—'—-—- arc sin vers ;, , ^ ■ 

yc 2cx — ^6 2i/c &'+4ac 

and these circular arcs all vanish when a? = »;;• If they raniah 



when xzzO, we have 



dap 1 . 2(2e»— &Vac+25i/el 
ss-r-arcsin— ^^ ^^ — ^ 



1 4c4/aX--6 (2car— 6) . 

= -7-arccos .^ , .\ = &«• 

i/c . 6*+4ac 

In practice it may be better not to connect the constants with 
the arcs. 



J 
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TAB.'LXin. 

fdeCa + fcE+ffit")' 

J + 4J: + M«=jr, 4ac — 6'=:* 

C 4 /X- Six , Si'\,„ , .. ,„. 5*' fji 
Tj ^i fX> , 7«* , 35k'X . ,36A'\ ;„ . „ ,, 

J"*^ =(!& + 57*^ + 6^ + Iw) (2«' + »)V:« 

J .-^2te+l0T*? +6.4'»'''""4i?" +3T4V. 

C V _ fx^ , iitg , aafg , 77yg 77^i 

J ' ~ V24c"''l5.4»c« "*" 10.4'<? ■*" fi.4'e' "*" .4»c*; 

+ 2:4^j<^'' + "^^+4^JV5' 
faiX V - ^^ J- '^"^ J. KSfX- 439gJ 143*';P 

, 143»X , 429y\ ,„ . „ ,^ , 429*' f d. 

r _. V _ /X) i5ix» eaft'X" , i43ifx* , vi^ff^A 

Jd»X ■ - ^32t + 7"T4<7'+ 7.4'»>T J4.4't< + 7 .4»c' 
' ' .' 429A'X* , 2145«'X , 6436ftT\ ,„ .'. ,^ 

+ 2^Fl?+2:4i^+ 4^J P" + ») VX 
^ 6435y p (Lc 
4"t'J , X 
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TAB. LXIV: 



a^dx 



^{a-{-bx+c:fi) 



a + bx+ cx^^X 



C Ax r dx 

Cxix _VX_b^ fix 
j^X'^ c 2cJ ^/X 

rMx _ rx^ 7ba^ 



/356« _ 
V96c« 



3569 55a6- 
64c*'^48c» 
15a6» 3a» 
16c» ■*■ 8c* 



Vcb a^v'Z 4a f^^dx 96 farMx 



V^X ~ 5c 5c J V* 10c J V^ 
Vdx _ /a* n4«*\ ^ Haft f«?€b 

7^ ~ V5S "• "60?;^^+ 15? J 
Vd« _ rafl I3bx^ , /1436« . ^ \ ^ 1 /y 

7X"^L^"" 84c« ■*"U"5i55. aficV J 



/33» 5a\ pa 

V.x'"v40c« 6cy J; 



_ / 143fl6* _ Ua^ Ca^dx ■ / 4296> _ 649o6\ T**^ 
_ V 21(V. 3^c?J J V-X^l VS6c? 420cvJ V^ 






156a:« 



+ 



/ 656^ ^_ 7a \. 
IW • \448c9 48cV 
1436» 1079a6\ . 1 _. ."/143a^ _ 1079a*5 \ IV^ 

224C* 840c> y J V^ 



/1436» 1079a6\ -l- y /] 



/64356* _ 243la6* 35a« 



•^ _ ae*^X _ 8a r ar^da; 176 T; 
VX 9c 9c J ^/X 18c J 



896c* 
176 
18c 



n20c« 
Vd« 






48«!» y J ^x 
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<%> -X • 



ix 



TAB. LXV. 



a:* i/(o+ 6ap+ ex') 



o + ftx + ca* n JT 



dx 



xWX 



dx 



dx 
——.(see the foDowing page) 

__ v2^_*_6 r dx 

"" ax 2a J x^X 
\ 2ax« *" 4a*c 



dx 









7* /356» 3c 



555cM 



^VX L 455? 24aV Vfi|6a? 8a« 



48a' 
T V128(|* 16a'. "^ 8a' 



dx 



. 96 r dx , 4c r dx 



xv-s: 



11^ \ ,^ . /336* 5c\ f dx 



§paV/ V 



^^L' 



+ 



Ubc 



7ax7 



+ 



15J 



/ 143fr» 
V840a' 



35aV »*J • 



84aV . V840a' 35a* 

/429y _ ^9&g \ r dx /143^ _ 24c«\ p dx 

\,360a'J 42aavJ « V^ ^ V 210a» 5BaV J x*V 
1 . 156 /eSb'^ 7c \ 1 , / 14365 



8ax« "^ 112a-x^ "*" V45S5 ^ iS?/^ ''^ \89ea^ 



3360a' 



12876^ _ 24316«c . 35cn f dx 

1792a* 1 120a' MSaV J JT/l 

. /1436'c 10796cn C dx 
+ ^ 



dx 



_ \^X 176 



V224a* 840a5 7 J x*^^ 



dx 



x^V-^ 9«x« ISaJx^V'-y 



9a J x« V 



x»V-^ 



M s 
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Note on the preceding Table* 
In general 

f-^^ = 4- log 2^+g^V« • '•^ ^ «>„rt. 



or 



Jdx 1 2a+5x 

-_= _--j a« tang 5-^-^-^+ const 



The first Ibrm is real, when a is positive; the second when a is 
negative* Hence it foUows that : 



r da? _ r [ 



dx 



V(a+6x+ca:*) 
=s ± -7- log — ' — ^^—^ h constr 

= ±_log j- 

The k in the latter expression denotes an^aibitrary constant. 
The upper signs are taken together, as also the lower signs. When 
x:rO, the integral does not vanish. 

' J x^X "* J x^(-a+6x+cx«) "" Va "* ^ 2 ^aX 

1 • 2>v/a3f 1 x\/(6«+4ac) 

;s: — F— arc cot - = — - arc sec " • 

^a. ox — 2a */a 2^€iX 

1 x^(6«+4ac) 1 *x— 2a 

=-7-arc cosec — f — 5 — ^-7- arc sm ...^ , . . . 
Va 6x— 2a \/a Xi/(o*+4ac) 

I 2^aX I 2(6x-2a)« 

=— ;- arc cos — ,,[. . . ■ , = -—-- arc sin vers ^,^, . — ~ • 

2a 
These circular ares aH vanish when x := -7-. When x ^ 0, they 

do not vanish. 
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r 



(a + 6x + 



TAB. LXVL 



ci*)»^ 



Jdx 2(2cx+b) 
pgdg ^ 2{2a+bx) 

J^dx _ (4a(>>-26») ap— 2a6 1 C dx ) 



a 4. 6* + c«* = X, 4ac — 5* = k 



^X 

'x*da: 

it* 



*x*dx 

3c* 



J x'dx _ «» _ 2a Tad* __ 36 TaM: 

p»'da; /£ ;_ 5ftg«\ 1 5a* r«d« / 15t« __ 3o\ C 

J X* ~ V2c 4<J« y^X + 2(*J X* V 8c» 2c7 J 

r«»tb__ ra* 76a* /35&« M-al ^ /^Sa^" 8a*\ Tadx 

J "3^"" Lsc " 12«?'*"\24c» 3c»; JV-X \12C 3Wj x» 

/ 3g6» _ 15o6\ rg°,da ; 
~ Vl6c' 4c» ^J X* 
fa»da ra» d6a«, /216» 5a\ /lOSy 49a6\ -) 1 
J xf'^U ~"8?"^V32? ■"■§?> V 64c* lec^y J^JE 

. / lOfigy 49a«6\ fada , /3156« 106a6« 15a«\ p a«da 
+V"32?' 8?'/J y"U28c«"" 16c» ''" 8c»yJ x* 

X* "ficV* 6c J X* 10c J xf 

ra»da _ /aT 136a«\ 1 13a6 fa'da / 1436» __ 7o\ |Vda 
J xT" V6c~ 60?JVX''" IOC J X* Vl20c« 6c/ J x* 

fa»da_ra» 56a» /136» 8«\ .T 1 / 39a6« 48d^ [*a^ 
P lF~L7c''28?*V66?"36?V J75"V28c» ~36WJ x* 

( 1436* 351o6\ r a«da 
m?" 140c»/J xl 
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TAB. LXVil. 



/; 



4x 



«*(a+&c4-c«*)T' 



a + bx -Y- ox"^ zz X 



r dg _ 1 6 rdx 1 r da? 



3£ 






r At _ 






dx 



r dg 






_ / 2. _ 36 \ J_ , /36^ _ 2c\ pdy 

■"V^aa: 2aV^X'^ \4a« <i/J[ X*^ 2a^J x^X 

1 r56 156^ 3c\ 1 7J5&» 13gc\ r dz 

2a««+4aV8a» 2a^)^X \\Qa? ia'^jj j^ 

dx 



1 . 76 /356« {4c 



~V8a' 2aVj; 



/356M4c\l. './35» I56c\T 1 
Stop* ' 12aV U4a^ 3aV5""V16a* 4avJv'J[ 

Uic\r dx 



/35b'' _ 1156«c Ben f jx ^ 735^ _ 

8aJa?*X^ 4aJ^XT 
116 \ 1 /996^ _ 6c\ r 

"*■ 40aV/ v'X "•" . [fiQa*- 6a) J 



4as^^X 
1 
5ax^ 









dx 



9^X^ 

" iihc r dx 

V9(»« J^x4 
1 ^ '136 ■ / 1436^ - ' 7c ;\ ^ l 1 

6aafi "*" 60aV' T' \,480<i' 24a?^/ a?* J V^ 
/4296^ _ 2096p\ t dx /I436«r 35^ p dx 

1 _ 156 f dp ^ 8c rjte 

7axWX 14a J ^7x4 7a 

^/ 1 , m \ 1 

\ 8a«»*^ 112aVy ^-^^ ''" 

176c r dx 



Jx«X* 

/25«^ 9c\ r dx 

V224o« 8aj J ^.txI- 



14a« 



x'X'*- 
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s 



MM^MMH 



/, 



TAB. LXTIII. 



jP"Qjp 






(o+6x+c**)^ 



« + 6x + ex* = X, 4ac— **=:* 






J Xt 

J jjt 

J Xi 

J 3^ 



dcx^x 



b rdx 



*« 2a\ 1 :. / J3 3o*\ Tela? 



12cVXv'X 
1 ^ hx h^ 2a\ 1 ! / ^ ^_ . , ^^ 

Vdic 



/ 



/a:* _ 76a?*\ 1 7a6 rar»dar / 356« _ 6a\ Tac^da 
""VS? 4cVX^X"'"c« J X* v8c* 2c; J x^ 

- ^10*f _ 35a6\ p 



pc»dx_ g^ Va pJfldg 116 p£dg 



f 



X* 



/a* _ 136gn 1 91a6 ra*dg /1436« 8a\ i^gjjd 
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.— I li^w^ 



TAB. LXIX. 






a ■\- hx ■\- cx^ ~ X 









^ 5i r da? ^ 4c T d« 



jp2jf4- axX^X 2a J ^j^ ^ J X^ 

J da? _ / 1^ j;6^\ 1 / 35y _ ^\ r dar 



, 76c r dx 



1 36 /216« _ 2c\ ]■] 1 

1056» 356c\ r dx /2Wc' 8c«\ T dx 



Jx*x* L 

/ 105y _ 356c\ rdg / 216^c ^ 8c^\ T 

r dx _ _ 1 116 r dx^ _ 7c r dx 

J jg^XT Aax^Xy^X Ba J ^^jf-f 4a J ^x^ 

r dx _ / j_^ 136 \ 1 / 1436« _ 8c\ T dx 

J x«Xt "" V 5ax» ■*" 40oVy Xy^X T ^ 80a« . 5ay J ' 



916c r dx 



40a' 



J dx _ r J_ , _± / 136« _ 3c \ Jl^ 1 _1_ 
a:7XT L 6ax« "*"* 4aV V 32a' 8a* / x* J X^X\ 

7 1436' 656c \ f dx / 916\; 21c»V C dx 
V 64a» 16a« ^ J ^x^ \ 64a' 8a» )j ^x^ 

r dx l_^ 176 r dx 10c r dx 

J x«Xt "" 7ax'X^X ^ 14a J ,7x4 ^ 7a Ja^xx 

r dx _ / 1 196 \ 1 , /3236« llcN C dx 

J x»X* V .8ax»T 112rf»xV X^X+V224a* Sa J J ^.7x4 

'956c r dx 
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Cdx f 1 16c I28c» \ 2(2cg-f &) 

rg«dag_/ X 3b\ I (Zh^ a\ C Ax 

J X-^ "" V 4c + 40cV W^C"*" V16c« + Ac) J jff 

ff!^-. f^^^ II *! —\ L- ^f. 



/, 



TAB. LXX. 



(a+ 6a:+ cx^)^ 



a + ^« +. cx^ = X, 4ac •^— 6' =: A 



6» 3a6\ r dar 



32c5 ' 8cVj X^ 
far^dg r a?» &j^ / 6« 3a \ ft^ IQa^ T 1 

J ;p|.'*L 2c 12c»"'"\96c' ScV* 320c*+240c» J -30V-X 

/ 6* 3a&» 3a«\ rdar 
Vl28c*""l6c» 8cvJ jp-f 

J X* "" L <^ 4c« V8c» 3cV * V64c* 48c>/ ^ 

. 36^ : Uab* 8an 1 / 3^ 6al^ I5a^b \ dx 

640c*'^160c* IScUXW^ \256c* 32c*'*' lec' / x^ 

JxMx _ 1 r ar*dg _ a prMa; ^ 5 fgMx 
Xt """^J X* ^J Xi c J ^i. 

J xi "cX*l/^ c J jfi 2c J x^ 
Ca^dx _ /a?7 9bafi\ I 27 ab Cx'dx '. /636« _ 7a\ Taf^dx 
J Xi ^ Uc 4cVJ?V^+"2?'J jpi V8^ 2^/ J XT 
[Vdx _ [«• _ 116x^ / 336« _ 8a\ -l 1 

J X*""L3c 12c« "^ V8C 3cV Jx*V-Sr 

_ / 23iy _ 63a6 \ TxMj 
VieC 4cvJ jpi 
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daX" "*■ 3a«X 



dx 



x^X 



b rdx 1 r 

fiL- 1 7t f dg 6c rdar 

J :^Xi"" "* flxJP^Z 2a J ;pxf « J Xt 

Jdx _/ I 9M 1 /636« 7c/ pdr 27tc T d« 

f— =r- 



TAB. LXXI. 



/ 



^/dx 



af* (a+bx+cd^)i 



+ 6x+c»« = X 



^ax'^^AcfixjX^i/X' V8o« 



Jx»5 



xX* 
_ /33^ 8c\ n 

12ttV \ Ba» "^ a?/ xj 
/2dW 63bc\ f_dx^ /996«c 

xXi ^ 



1 



636c\ r dx 



16c«\ rdx 



iiUbi 



("15? + 



3b 
8aV 



■) 






1 

Gox* 



«. 136 r dx_ _ 9c r dx 

""««Jx*xl 4a J ^x* 

/39^_2c\ pjx 

276c r dx 

8«* Jx»xfl 
176 _ /IW _ llc\ 11 1 

60aV V32a* 24aV ** J ^V^ 



+ 



mW _ 936c\ r dx _ /l^36«c _ 3V 



Tdc _ 
Jx«Xi 

r dx _ 

Jx^'X*'" 



f 



32a' 
12c 

7a 



^ r dx 

««v J x'Xt 



V64a' 16aVJa?«Xi 
- 1 _ 1?* r dx _ 12c r dx 

7aafX»^X 14a J, 7X* 7a J ^x* 

/676« 13c\ rdx 
V32il» Say J ^jct 
96c C dx 



V 80? ^ 16aV / XWX ^ 



afiXi 
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TAB. LXXII. 






a+bX'{'CJ^ J ac*(a+te+ca:*)t 



a + bm+cx^zzXf. 4ac — 6* = A 



Cdx _ / 1 24c 128c» 1024c»\2(2cg-f^) 

J Xl ■" V7AX' "•" 35A»X» ■*■ aStfJC"*" 36** y ^X ^ 

J X* "■ ~7cxv-sr "'2cJ X*' 

rg«dar_ / a? 5b\ 1 T/^^ , g\ f <ix I 

Cx'dxjf '3^ ^ t* 2a \ 1 ^f » afe \ f^dip 

J Z*"v 5c"'"a0c» 56c> aficVJPv"^ Vl6c»"*'4cvJ j^^ 

rjr*d3?_r ar> fe« / » a\ ^ • 29a6 ^ ' I > 

J X*^L 4<r"*'40c« Vl60c'"^8cV*'^448c»+660c'J^^Jf 






/_6;j_ 3a6* a5\ r dt 
■^ Vl28c* "^ 16c» "^ 8cV J jjf 



-^ 



f dx _ / 1 1 1 X 1^ * » f d* 

r dy 1 96 f d» 8c P 4" 

J a»jr* * "* <wX»^X "* 85 J txT" "« J Xl 

r d* / 1 ( lift \ 1 , /»»» ^\ r dx 

rdx r 1 r 13ft /I43ft» ' 10c\ n 1' 

J ar*X* "" L "" ^ "^ ISS?" "* \"557 "" 3a*) xj "^^ 

/429ft* __ 89ftc \ f dx _ / 143ft«c _ 80c« \ fdx 
U6a«. 4a«;J,x» V 3a» 3a»yj x* 
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TAB. LXXIIl. 



i^ix^(af 6x+ cx^) 



a + 6« + c«* = X 



{2cx+bWX ' 4ac^b* C da? 



4c 
3c 



/ 



Tdxy^Xs: 



74* , 49a4 



+ ( 



216* 
128c^ 



64c* 
16c» 



240..] H 






6gay 8a» 
leSc* 21c« 



) J«.d.^x -{ 



1344^3 112c' 



?)/•*'" 



:-(■ 

j^yx^^-^j^vx - 0.WX 



220c^ 
/ g236' 
"!" V440c« 



ro)/*"^"' 



r 
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'•* - ■»■ 



TAB. X^JiXlV. 



J 



'dx^(a+ix+a^ 



a+ bx+ afl= X 



dx^X 



:s^X+a 



dxVX 



^^VX 



b C dx r d« 



dx 












dx 



^= (- 



1 56 

40** "*■ 24oV 






-r^A 









lOaJ «* 5aJ «* 



V64a* 16aVxJ ^ "" ViaSa' ; 16a« :* 8a 



6at« ' 20aV 



.)xV^r+ (; 



21 &« 
40a« 



36c 
10a« 



/ 



dxi/Jt 



rdx^X _ r 1 , 116 /33y llMly^jr 

U «• ""L 7ax'"*'84S?" V280a« 35aV x» J ^ 
/336« _ 1116c \ r&x^X _ /336«c 8c» \ Cixn/X 
"" V80a» 140a« /J «* | Vl40a« "" 35aV J 



Axs/X _ X^X 



136 CAx^X 6c C dx 
16a J «• 8a J »V- 



rdx^/£ _ / 1 

J x»o ""\ 9a 



56 



dx^X 



9ax» ' 48aV 






256c 

48a« 



dx 

7x 
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a + bx-i- cx^zzX, 4ac — 6« = A 






j/fOxJi '^[yl - 28-(? ^ 40c' 35?) ^ 

Jx«d«X = Lai - 112^ + \^44pr - 16^;* 64t)c« 



V24c2 2c 



+(s-^)r-«'*' 
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TAB. tXXVI. 






a + bx + afizzX 



/^=(l+«)^--'X^x+?/:^+|>v.- 



/ \bjf» _ 



X></X 



ax 



3i r 

2aJ 



d»Z* 



fM 






cbX* 



/^=[- 



3a«> 



i5Sw + (24? r- S);]:^^* 



•darX* 



-.0 -■ f } r-* 



; 






/^ 



+(1 



36* Zb^c , 3c«\ f dirX* 



128tf*; 16^V 8<tf 
drZ* _ ^ JPy^X _ ft 

76 



/ 



a:. 



^■(B^n^^X^ 






insr - ("" 65?+5o5?) ^^^+ fe^ss; J 



•dxJTi- 






6<w:« • ^OaVy "' '^ ""• • V24a* 6a/ J jt* 
TApJC^ r I . 116 / 336 



- f- JL 4. ^^^ _ / 336V _ c \ Ji^ / 336> 



-^ + 



.256a* 32a» ' 16a« 



)!' 



dxX^ 
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TAB. LXXVIl. 



/■ 






dx 



a + &c + ex* = ^, 4ac — 6* = A 
J ilOc 180c» ^ V2880c» 80c«/ 448(W 



I ilOc 180c» ^ V2880c» 80c«/ 448(W 

+ i0080?J*^*+il280? - 160? + 80? j J '*'^. 

^U76c» 12cyj 
P ^'^^ = U - 3^. + (6864? - 143?) '^J.'*^.^ 

:» 143c*/ J V4576c» 3432c»yJ 



U716c> 143c»/J *^ (45760' 3432(!»/ 






• * 



- I x^dxX 
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TAB. LXXVni. 



J 



'dx(ax + bx + cx^yi 



a+bx+cx'^ z= X 



p 



ixXi 



f 



dxXi 






dxX 



X^j^X 






OJC 



+ 



5* f 
2a J 



•^^* ■ IJdcZ* 



+ 



J^ = (-^-iit)-VX + 



r^ + 



darX* 



f 



drX* 



f 



dxXi'^ 



r- — - 






+g fcx* 






12aV 

16a>"*^ 4ovJ a; "*" 
X^j/X ' h CAxX^ \ 3c rd»X* 



/36^ 
V4o' 

8aJ «* '^4aJ a» 



*+^)j 



dxX 






"" V"^ 5S? '^ 40^- ^^ "^ V80a«"*"5a; J x* 

95c rdxX* 
40a«J a:»: 






\ fdxXT /36«c . c«\ f 



dxXfi- 






rd:rX^ _ x^^x ^ b^ roxi 

J «• "" 7a«7 2a J x' 

J - «• • V Ja«" n^aVy ^ ^\,32a« Ha J J x^ 



•darX^ 



ssaass 






N 



^ I 
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TAB. LXXIX. 



Cs*'dk{d+hx^c^^ 



a + 6x + ex* = X, 4ac — 6* =: A 



+ 



4: 



32768c* J V'-X: 



- (ig - S^ f a.x» 



J \Uc 220c« ^ 360c3 99?/ ^ 

20cV J * 

J L12fc 88c^^V3S2c5 iO?jf* 576c*^79So?J ^ 

+ (s - it) i^^ 

lf'*^=ii£-£+(S-^)-]f''* 



XNTXCOtAlS OF IRRATIONAL DIFFBRfiNTIAIA. 179 



/ 



dj5(a+6x+cjt')^ 



TAS, IiXXX. 



a" 



a + bx + cx^ :z: X 



'dxXi 



~V7 



+ 2? + f4-')V:f+«</: 



do;. 'a?h 



'■r * 



f 



ft f d« 



6 ' 3 ' /^ - Jary'X' 2 



•1. 



j x" , , ax "^ 2o J * 



+ 



8c 



C^X 






3gftc \ rdxXi /5ft'c 



■J . I ' 



.rdxx* 



/ 35^* 1056«e 35c«\ pdg^ /Sfe^c 2g6c°\ C 

c^ _ X^4/X h rdarXf 4c rd:£Xf 

«* "" 5a«* "" 10a J X* "^ 5a J a:* 



dxX 



Y 



dxXir 



6ax^ ' 20o 



v)'''« + (3^)j^ 



be rdxXi 



MMfMI 



4*1 



mm^ 



mm^sm 



N e 
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TAB. LXXXI. 



J.f^a+bx-^-c^\ j^^- 



bx+ca^y 



a+ 6x + cx« = X, 4ac — b^zzk 



da:X* = 



xdxX 






aMa?Jr 



/ 



x*dxX 
x'dxJ^ 



= fdxJr* (page 161) 

Vl3c 104<!« ■*■ ITec* I43W ^ 



f^^=e^ 



(i 



13cV ' 
V82e» 8c» /J 



,15c 



^ V840c* 15c/ J 



/^=( 



^ i°fi"fi°f„.)vx+..r; 






+ 









_ xyjT 



ax 



+ 



96 (* 
2aJ 



d«y 



+ 



10c f 



dxX' 



«5 



[""2S3:-4^)^^^+ (-^+ 



8a« 



9c\ C dxX^ 

2a/ J « 



4aV 



J «♦ 



L 3aa*, l5 
/1 056 



5b 



^ il6a* "*" 4a» 



12a*i:« 
636c 



-m*m^^' 



n 



ixX* mSb^c 80c' 



'12a» * 3a« 



0/-^ 
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J(a + 



TAB. LXXXIL 



d± 



hxy^j^x 



tmtmi^mtm 



a-^r hxzz X 



J- 



Ax 






p dx / 1 9 21 



X\/x 



dx 
do; 
dx 



4- ^ 4 /^* 

sfah ^ ^ a 



a — ix 4" 2 v'af . \/ — oh 



xv« 

dx 




> 4- const. 



> 



12o«X« ^ 8a3 
35 



-^ f dx 

■^8a«J Xy/x 



^x + 
35 



/- 



dx 



16aM JT^x 
35 



dx 



X-^gea^X* • 64a^ 
9 . 21 . 21 



128aV -^V^^ 

40a»X* ^ 80^X^"^ 64a*X^ "^ H8i»X/ ^ 

63 ^ dx 



Jdx _ / 1 



+ 



11 



+ 



33 



r4 + 



+ 
77 



63 r 

256a* J " 



+ 



X\fx 
77 



6aX« ^ 60a«X* ^ leOo^X* ^ 320a*X» 

231. \ 231 

512a«Xy ^* ^ 1024a« J X^* 



+ 



J 



256a='X« 
dx 



* The first expression is taken when a and b have the same 
signSy and then the .upper sign makes a positive, and the lower a 
negative ; the second expression, on the contrary, is taken when 
a and h have different signs. Both forms vanish when x=0. 

Moreover,wehave, arc tang ^— = arc cot v^t- = arc sec v 

CL DX OC 

M+bx \ a . a-6x , bx 

=:arccosec\/-v — = arccos4/ — r— =iarc cos — r-=arc sm tJ — r- 
^ bx a+bx a+bx '' a ox 

, . ^jJahx - 25x 

= ^ arc sin— ^r-? — = iarc sm vers 



o+6x 



a+6x* 



^H 



\m mTBQVuas of irrational dcpfsrbntiai^el 



TAB. LXXXIII. 



a-^bx ' J (a-Vbx) 



X 

5" 



a •\' hx zz X 









xdxj\/x 

X 
x^dx\^x 
~X 
x^dx\/x 

X 
x*dx\^x 

X 
x^dx\^x 



^ 2>v/a? a r dx 

■""6 bj xTT 

/« «^ « ^ , a« f dar 

(x^ ax a^\ ^ , G? r dx 
56-3^ + 6^;^^^"- i^Jxv^ 
__/a^^ax«o^_^€^\ ^a* r dx 

"■ \,76 "" 65« ■*■ 3^ "" 6^y ^* 6* J X^x 



rx^dx\/x __ / ar* ex* 



aV 



a»x* 



7A3 56* 



a*x a*\ a<^ ( * dx 



dx\/x 
xdx>v/x 






26 J" 



dx 



6:A: ' 26J -X-v/x 
1x»/x 3a (*dx\/r 



r xdx>v/x _ ^xy^x 3a ( *dx\ 



6X 
x^ 5ax\2>v/x 5a* (* dx^x 

36 "" 3Fy"ir ■*" "F J ""A^ 



J -X* "■ V 

J x^dxy^x ^ (^ ^ Tax* 7a*x\2\/x 7a^ T 
^« "" V56 156- "*■ 36' y"ir 6' J 
/x*dx\fx 



dxy'x 



rx^dxy^x _ /«^ _ llax* 
J X*, "" V96 636* "^ 



156- ' Zb^ f X 6' J X* 

9ax^ , 3a*x* 3a^x^2v^x , "^o* ^dx\fx 
356* 
lax* 



/ac* ^ 9a£ 3a*x* ^ 3a^x\ 2v^x , "^tf* C 

VtS 356* ■*■ "56^ T"/ X "^ "F J ~S* 



56^ 6* / X 

lla«x« 



3563 



lla'x* , Tla»x 
+ 



156^ 



W 



s 



^9fidx*/x 



X* 



=( 



lla» f( 



•/ X 



dx^x 

fl ^3ax* 13a*x* 13aV 13a^* 13a'^x \2v^j[ 
116 996* "^ 636» 356* "^ 156* 3ifi ) X 



+ 



IBd^ Cdx/s/x 



ii 



W J X* 
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TAB. LXXaLlV. 






o+ te= X 



/ 



P 



P 



dx^x 

xdx^x 

*x^dx\/x 

*3^dx\/x 

IF" 

*x^dx\^x 



" ( 26X» + Ubx) ^* t 8af J TT; 



26X» 
2a:^ar 

"Tap 



+ 



3a fdar^/Jir 



/^ 



ID^ 



2i/x 35a» 



^ r. 

6» J 



^x^x 



X» 



_ /x« 5ax\2j/« 15a* f 4«V[f 

"" \3b Sb» 36» j 

_/ap^ _ 3o£ 21a«x« 21a^ar\2^a? 63a* pjdxj/^ 

— ^f! - ^^^^ I 33aV _ 33aV _ 33a*ar \ 2^/^ 

99a» fdarV'a: 



+ 



|a» P 
^* J 



X> 



rdaVf ^ 
J x« - 

fxdx\^x 

J ^ ' 



(- 



1 



r««da^v/f _ / ^ _ 5ax\2^/g 5a« f 



36X» 
'2x^x 
3bX^ 



+ 



1 



+ 



+ 



12a*X* ' Sa^bX 
dx^x 



) ^* +T^/l^ 



tJ- 



X* 



Ct^dx^x __ 



IF" 



=(? 



+ -i;r + 



6« I 3b^ J X^ 
3ax^ 21a«a;« 35a»«\2-/a? 






7aar^ , 35a«ar\2>v/« ^ 36a« Cdxx^x 

/«* ^ 3a^ ^ 21aV ^ 35a»g \ 2v^g 
\3b 6« 6' 6* y JP '+' b 

(JL - ^^^^ I 33aV . 231a»a;« 77a*g \ 2^j 

dxi\/x 






23Ja* f 
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TAB. LXXXV. 



J 



dx 



(a 4- *»y t/ar 



a + ft^ = -X^ 



J Xsfx " J 



dx 



do; 



dx 



X»^x 
^/x 3^ r dx 

UX'^ AaJX^x 

_ / 1 . 7 \ Jl^ r dx 



/ 

f-JfL. - / 1 . " . 77 N , .. 77 p_dx 
J Jrv* ~ \6aJP 48a«JP "*■ I92a»x) ^ ■** 128a' J Z^; 



/: 



J X'Vx - ( 



dx 

dx) 

JfV« "" VSaJt* '^ 32a«X« "^ 256a»X* 



\8a. 



+ 
+ 



385 
1024a 
1155 



r dx _/ 1 

J JPv'x""UOa 



2048a 









+ 



209 . 1463 

--t 



dx 



10aJr»"*"l60a«X*"^128a»JP'^1024a*X* 4096a 

4389 r dx' 
■*" 8192a» J Xv'x 
23 437 437 



1 



+ 



12aX« ^ 240a«X» ^ 3840a»X* 



+ 



4352a*JP 



4807 33649 \ 100947 f dx 

"*" 24576a*X» "^ 9a304a«X; ^* ' 196608a« J Xv'x 



* If a and 5 have the same sigiis^ then is 



/ dx _ 1 Pi a+V2x+^j^ ^ ^i/2xT 
X^x "" Ii?72 L ^^' 



where kzz ^Af-z-. 

o 

If a and 6 have different signs, then is 



/dx 1 r. A— iv/x ^ a/x1 



where Az= ^ *- -• 

6 
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X -J X 

J X """"5 bJ'Ti/I 

J ~X """IS jJ~X^ 



/^ 



'af"dap\/x 
+S? 



TAB. LXXXVI. 



« + te« = X 



far*dar-/a? /a?* a«* , a«\ « . a' f 



dX 



dx\/x 



J X ^\T3b''9b^'^W^¥)^'^h^Jx:7' 



X 

dx^x 



J^T" " VT5ft ■" TIP + 7^^3S^y ^^'^+ftg 
Ta^dxy^a _/x» ax« oV a»x* , a* ^ ^ ^ a^ f 
J X " Vl76 136«'*"96» "" W^b^J ^* ""ft* J ' 



dx 



X^x 



* If a and ft have tne same signSy then is 

JdxA/x 1 r , x4-*'+itA/2x . , *V^2xn 



whence ii=:>^-. 
a 



t 



If a and ft have different signs, then is 



whence An ^ — - 

ft 
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i^ii^^»««iii i i m i ^ T«<i« 



TAB. LXXXVIl. 



(a+6x«)»' J (a 



af*"cbp\/ap 



a + 6«» = X 



J ^ ~V 






xdx\^x 

*sfidx^x 
X* 

*x^dx/^x 
x'^dxj^K 



x^x 1 Cdx^x 



2aX 
■" 2&X'^ 

"""" 23x 

6 



+ 



46 J 
46j 



d» 



X 



J^ 



_ /^ lSag» 9a«\ ^/f , 9a« p dx 
~\Sfi "" S6» ""SX^y X +46' J XV*- 

216* "" '^y X + 

/2a:« 26ag* 26aV 13a»\ y^g ____ 

W "" ^^ ■*" 56? + 26V -2ir ^ 46* J Xv^j 



/flxf 22ax3 Hfl^\ j^x 11«« fdr^y 
\76 """2165 ^ -^) T + "Sf J "ir 

13a9 r d« 



» M ■! » 



f"* < 



■**-T" 



xs 



( 



+ 



« II i l j p 



t) 



ap\/x -f" 



4aX» ' lea^Xy^" ' 32a« 



Jxix^x ihx*'^da)js/x , 3 r dx 
X» 16a6X* ^ 32a6 J X^i 

J ^ 

J ^' 

rx*ix^x _ /_ fl _ 7a* N 2v^g , 21a» f 






f 



dX^X 



5bX' 



XJ 



"" ■" "36JF "^ 36 J ""X^ 



X» 

Vdx^x 



fxMxv^x /x* , 3ax«\ 2-^/* l^'* f ^ 



dxJ^x 
"IF" 
15^* iTxdxis/x 



X» 



X' - V 



X* 11 ax* 
36"^"36»" 



77a«x \ 2^x _ 77a3 rd«^ 
"*" 156'y X» "56^ J X^ 



m 



J 



OiTBQftAIS or IRKATIOXAL DinSftBMn4L5w l«r 



h 



«+lorJj^^. 



*• Jr« 



TAR LXXXVIII 
4s 



+4r/x»V 



a + lar=X 



r dx 2 ft r 

J Xx^'x " «^x a J , 



}jb^Vx^\ 



J: 



ft\ 2 

+ -)•:+ 






dx 



= (- 



ft 



X^x 

ftn 2 ft> r dx 



l« 



+ ^ ^ 



dx 



9ax« 
1 



+ 



r dx _/ 1 



6o«x* So'x ' o*/ \/x 

_ft *L , .^! **\ J ** r dx 

7a«x» SaV'^So^x a*/ v^x a* J Xi,/^ 

h ft» . ft* ft* , ft*\ 2 



t 



llox* * 9aV Vo'x' ' 5d*x» 3a*x 






dx 



-2 

3ax ^ 3a«^ 



_3ft r 
« J 



A»v^x 
2 



r dx _ / J_ . 5ft \ 2 u. 5ft^ f 
j) JPxV« "■ V 3ax "*■ Za4 Xvfx "^ a' J | 

f ^ - / 1 



dx 



5^ 



j) X^x^yijc "• i 7a 



dx 



+ 



4 



7ft»\ 



_ 7ft' f 

X o^ J - 



dx 



9ft 3ft» . 3ft'\ 2 . 96* r dx 



7aa? ■' 35a«x!' 



^5^^"*"^ 9ax*"^ 



3ftg 3ftn 2 96* r dx 



lift 



llft*^ 



+ 



9ax* ' 63aV 35aV ' \6a^x 



116* llft|\ 2 
3a»/X;7r 



r dx 



-(- 



lift* f dx 



r» + 



13ft 



13ft« 



llox* * 99a V eSa^** 



+ 



13ft*\ 2 _ 
3aV ^-v/x 



13» 
35a*x« 

. 136« 



X}i/x 
13J* 
\6a^ 



Jdx 
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TAB. LXXXIX. 



f ^ r 



+bxy jl^ii/x ' J (a+ bxyst^j^x 



r 6x ^_ 2 _ 56 r da? 

C dar _ / J_ , 76\ 2 356« p dx 

J djp / 1 36 216«\ 2 216> r da? 



J dx / I 116 336« 336^ \ 2 336* C dx 

JPx*-/x"" V 7ax» * 35a«xa'" 35a»x"*" 6a* MV* «' J -X^ V« 

J dx _ / J^ . 136' 1436^ 1436^ 1436*\ 2 

X5x*-v/x "" V 9ax* "*■ 63aV Sida'x^^lOSo** 15a* /X^V* 



a 4- 6x =: X 



1 436* r dx 
3a» J 55:7* 
136* 136 

7a*xj 



J dx _ / 1_ 56 _ 656^ 136* 

XVv'a;""^ Uox* ■*' 33aV 231oV "*" 21a*x« 

136*\ 2 656J r dx 



r dx _ 2 _ 76 r dx 

J X*x^x ' aJP^x a J JCV* 

r dx _ / JL I 36\ 2 216« p dx 

J X*xV« ""V 3ax ■'' aVXV* «* J -X*V« 
r dx _ / J_ , 21L _ 336« \ 2 _ 2316* p dx 
J XV -/x "" V ^o;^ 15a«x 5a* j JP-/x 5a* J JTV* 

r dx ._ / 1_ ^ 136 _ 1436^ 4296*\ 2 

J XVy^a? "" V 7ax* "*" 35a*x« 105a*x "^ 35aV. X*y* 



4296 



5a* J Z*Vx 



f dx _ / Jll 56 136* 1436* _ 1436* \ 2 

J .X*xV«"" \ 9ax*'*"21aV 21a*x«'*"63a*x 7a» /-X*i/x 

_ 1436* r dx 

■ 2LJj^V£t 
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TAB. XC. 



/, 



dx 



if+gxYVifl-^^) 



^M 



mimmmt 



f+gx:=zX, a+bxzzX% hf-^zzk 






dx 



Xy^X' 



.2 ' ,07^ 



r 



or 



1 ^_ bf^2ag — bgx-{'2A/'^ gk . ^X 



log 



dx 
dag 
do; 

xwx' 

dx 






J dx 



56 



\7,kX^ 



+ 



56« 



12A«Xa ^ Sife'X, 
76 356» 



+ 



96*»JP 



f dx _ / 1 . 96 
J XV^ "" U^XV 40A* X* "*" 



+ 
216* , 216' . 



dx 






/: 



dx 



128A*JX-/X' 
636* 



r) ^^' 



40A*X* ^ 80ife?X* ' 64A*X» ^ 128A*X> 

, 636» r dx 
+ 



r dx 
J X^iJX "" 






266A» J X-v/X'. 



/ 1 116 i 336* 776> 

V6AX» "•" 60]PX» ■•" 160A»X* "^ 320A*X» 

2316* 
"•" 512A«X 



+ 



► 776* 



256A»X* 



:)^^ + 



2316« p dx 



^ The first estpression is taken with the sign +, when g and It 
are both positive, and with the sign— , when g and k are both ne< 
^tive. The second is taken when g and k have different signs. 



When A=:a, then 



u 



dx 



;^9 becomes 



-f- 



dx 

+6xy 



^ \/(a+bxy 



tdO tUt^RALS OF IRRATIONAL dIFFBR8l«tIALS. 

•' - • — ^ — -^^ 



TAB. XCI. 



Cf+gx) ^/(a+to) ' J (f+S 



(f+ffx)W{a+bx) 



/+jfX = X,k^h* = r 



C xdx _ 1 r ix _f C da; 

r a'dj _ 1 fa«* ^ / f otto 1 /^ f *" •/! r_Jf_ 



r_x|dx _ 1 fg'da; _ / ruMti /« f_£d* /^ f dy 



Art f-JfL, 



r g'dx ,1 rg«da! / rx»da; . /» f**^ _^ f-f^ 



f 4r«d* . 1 rx«di ^f xd* ,.y» r An Af> C Ax 



J2!7X'~^J xvx' ^Jx»v^ 

f «^_ 1 rac .2/ f. dj , /» f dx 

J x5:7F - 5^ J Tl' " 5^ J "STS' "•' ? J 55:75^ 

f *'*'* -i; f «dx 2/ f dx , 3/« r dx /« r dx 






-v/x' 

r x«dx _ 1 px«dx _ iyrx'da 8/» f^dx __ .4/* T xdx 

J xvx' ~ 9* J VK . »! J. V^ y J "7^ "^J \^-x' 

dx 
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TAB. X€I1 

Ja!"*da: (* s^dx 

/+ Jix = X, a-t- 6x ±: JT 

r a»dx 1 f dx 3/ f At .Sff da: f T dx 



r_ae*dx_ _ 2 f iW* _ VC ** ..fi/* f da 4/' r dx 



+ 



f* C dx 



3* J' 



!F73t 



I 



^ r dx /» r dx 



J^:/^ iJSv^ yjA^'v'^ 

J a:«dg ^ J^ / ix _ ^f C _d?__ . £ f d» 
xv-T ~ »» J ^7^ 9* J A» Vx' "^ <;» J -XV-X' 

r a:»da!. _ i. f .die, ^ f d» , 4f« T-Ji- 



9' J 



dx 



7^»/X 



r ai«da! _ 1 f da; yf da; ^t ^ C dx A^ C dx 



jT T da: 



fjr»d* _ 1 rajd* 4/f da: 10/» f da;.. 10/» f .da! 



1 ^ r d* y"* r d«! 
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TAB. XCUI. 



J 



(/+»»)'•(«»+*»*) 



J: 



a + W = X, /+ ^ = X', asf» + */» = » 



dx 1 

or 



* -^-j arc tang -iS_-i_ 

r a!«d» _ 1 f gda; / f da /^ T J 
J XWX ~gjvx 9*j VX^g^jX' 



dx 



sfX 

dx 



r g^dx _ 1 rx^x f Cxdx f^ r dx _/» fj 

J ar*dg _ 1 r a^dx _ / TxM^ /_» rxdx /* T Jr 






9* J ^V^ 
r x^ix _ 1 pgMa? / r^dx p Ctx^dx p Cxdx 

f 



+ 






* The first expression is real, when k is positive; the second, 

when k is negative. With regard to the signs ± ::p whicb occur 

in the first expression, the upper are taken together ; and so, 

in like manner, the lower; otherwise it is immaterial which are 

used. ^Moreover 

ao •— hfx €uj'-^hfx 
arc tang / , -^.^ = arc sm .^. i. / 7 

= arc cos ^ * ^ ■ . ^ &c. 
^ (/+<7a:)-/ — aft 

The factor V •■^ab, which occurs in the sine and cosine, is neces- 
sailly real, because a and b can neither be both positive nor both 
negative at the same time ; for in the first case k would be posi 
tive, and therefore *the logarithmic form valid ; in the second 
case j^ia+baf) would be necessarily imaginary. 
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J dar r < 



/i 



aj^cbc 



(/+fl'a:*)\^(a+ft«*) 



•/ 



TAB. XCIV. 



a + i*' = X, /+ sr** = JT 



■paiM 



J": 



-xvx 

ar'dar' 

^^ 

«*cbp 

a*dx 



;ed» 



1 r dx / fix 
9J\^X ffJX' 



(see the following page) 



J a?*clp , _. ] pgMa? / r da? /^ T .dar 



^X 

ordx 






1 r ar*da; _ /: pc^da?^ /^ p da? _ j^ T^j 



a/X 

xdx 



J. -x' ^U>/^ 






^x 






X 

*3fldxj/X, 

X' 
'a?» dg\/X 

X' 
•a!Ma?i/X 



xdx ' "/ " 



i, ; J x'yx 

gJjrVX 



hf\ Cxdx (erf ^\ C .«lc 



jr 



_ A f g*d» , /a 









^gyJvx .Kg* g'/JVX 

'-■■ -• -■ /qf* y» Y f dx 



x*dx^ . /a 



w 






xdx 



VX 

xdx 

-XVT 



IM IMTBGRALS OF IRRATIONAL DIFFEEBNTIAL8. 

^ssatassssssssBsssssssssssssssssss^ i ' ' ' \ssssasxsgsaBeaamn 



Note on the preceding TaiU. 



or 



In genendy whatever »ay be Um eigasixf a, A^/^^j, - 
C dx _ 1 , /V(a-|-6«^)+arV(&/ >-<tfy; 

r^^^-__} arc tang ^^y?" I^>^> 

The first form is real, whea bf^ — q/^ is positive; the second, 
when bf^ — afg is negative. For V{f+9^) ^« "^^y *l*o P*** 
y^— (/f5f««), if/ and jf be negfttive* Moreover 



n.J, 



cdsr 



•Mli^ 



For a, ft,/ jT, we have ^Hm 



The fifsi form ia real when 09* — j^ is positive ; the second 
whea «^-*-i/^ is negative. With regaid to ^(f+gai^y the 
obsenratjon ahre^y ms^ itpp)ias also in this caae. Moreover 



.^ g\f(a+bx*) 



arc cos 4/ - ^ 



»/+ bgs^ 



00 -f- bgsf^ 



IHTBOHAIfi or, IKRATIOMAIt DIFFJItENTUU. KB 



J da; _ 1 f dj £ f dj , g« f* d» g^ f da 
.^•Z^X -/J .?^X "/■ J «V-X"\/'J "••« ~/'J •Zv'-X 
f dx _ 1 C_dx J r d« ,;» r di s' f di 

+/• J ZVJ: 

f d» _ 1 r ^ S r d« , ;■ f d»_ _^„ 

+ sm. f ^* - !i f _4£_ 



■ d» 



]£I6 I^KGRALS OF IRRATIONAL BIFPERENTIALS.. 



/: 



1 

9 
1 



J: 



TAB. XCVI. 



J (/ + 



a:*dx 



^ar) ^ (a + 6« + c«*) 



do: 



Z^X 




xdx 
x'^dx 
x^dx 



Zj^X 

x*dx 



a + bx -^ cx'^ zz X, /+ gxzz Z 
ag^'-'hfg-\-cpzzk 



or 

fdx / r dx 
J VX gJZ^fX 

f arda? / f da? /^ f dx 
J VX (/O ^/X "*".;« J Z^/X 

a?dx /^ r dar _/' f dx 
V^ 9' J VX 9']Zs/X 
Vda: _ / (Vd« /» fardx _ /f f 



J ar^dg _ I Tay'dar 



dx 



+ 



^^J 



dx 



Zv^X 



J x^dar _ 1 rxMx _ / T^dx , /f f; 



iMx _ /^ Txdx 
9' J 



yx 

dx 






-v/X 

dx 



Zv^X 



* The first expression is real, w^en k is positive; the second 
when k is Negative. As to the signs ±, =p in the first form, the 
upper axe taken together ; so also are the lower. Othemme it 
is immaterial which are used. Moreover 



arc tang ^'^-¥Ml>9-^cf)x 

^ 2a/— * . a/X 



2-/—* . VX 



arc cos 



2-^-it.v^X 



(/+fl'a^)\/(^*— 4ac) 



. ^ag-^bf+ibg-^^c/yx _ 
= arc sm — ^ — - i. ^ — '' ■ ^ &c. 

(/+5rx) >v/(ft*-4ac) 

The root of y'(6»— 4ac), which here occurs in the sine and cosine, 
is real, when ag^ ^ bfg + ef^ is negative ; for otherwise 
\^{a'\rbx+csfi) could not be real. 
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TABLE 

of some more general Formulae. 



a + baf^ zz X 



/ 



:^dxXP = 



a«+»jrp 



»l+ 



&_ pnb C 
1 «*+lJ' 



af^+*dxXP-^ 



—1)^6 J 






J (m+np+l)6 (m+wp+l)6J 



f 
f 



Xp 



x«d»X^ = 






(m— -n-f 1) a px* 
~* (aw — ?ip+ 1) 6 J 



Xp 



+ 



pna 



f 



«i-4-»p4- 1 w»-l-wp+lj 



a?*d«XP""» 



Jax^_ » png pdarXp-^ 



J ■»" " (p— l)naXP-i ^ (p_i) „a J xP=^i 






(wi— -w— »p— 1 ) 



1 



—1)6 CdxX 



(D*— l)aa:«-*X''-^ 



{m — 1) 

(m — n+np — 1)6 



dxxp 

n 



(m — 1) 



-1)6 r A 

a J x"»"~ 



dr 



J o^Xp (p— 1) naa?**-^ Xp"' "*" 
f*dx ' X 



W ' " It-t-tip— 



(p — l)»a 



1 r dx 

" J x*Xp-' 



np — n — 1 p dx 
nalF^ ■*■ (p— 1) na J :»=^ 



dxjfr =-£?;+ ^^ 



np+1 np+ 



ij^^' 



•voMnK 



■■p 



L 
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TABLE 

Of some more general Formuloe 



J'^'^ m+pk^l m + pk + l J"^ "^"^ 
J X^ "" (p— .1)»6JP»-* "*■ (;>— l)ii6 J XP-' 
J (m+pA+np+l)6 (»i+pA+»p+l)6 J 

J Xp ""(m— pit— wp+l)6*^' *" (j»— yA— np+ 1) 6 J ' 



aa:* + 6a:*+« = X 



Xp 



J wi+pA+wp+l m+p^+wp+l J 

rdxXp » pna CdzX^' 

J a* ^ (m — j>A — wp— l)a:*»""* m«— p^ — wp — IJ a:*—* 



J af "~ («^—p*-»^l )««*+*""* (m^-^pA— ^l)a J ' 

r da? _ 1 (w-n+pi^4-np-l)5 T dai 

J ar'-Xp'" (m+pA-^l)ax»+*-^X»-*"" (m-f/J*— l)cr J ?^ 



x*""*Hia5 



"■»■ "" (p— l)7MiJS>-^ (>— l)«a J" 

r dx ^ 1 m — n+pk+np — 1 C dx . 

J a^XP "" O— l)naai»+*-»Xi^» "*" (p-il)na ^J ««+*»^« 

rda? ^ 1 pk'^-np — n — I ^ dx 

J^"'(p_l)»aa*-»X'^» "^ (p^l)na J «*»-> 

fdarX>>.« , ^^"^ + £25L_ r;c*dxX?-> 

J pA + »p + 1 pA+ »p + 1 J 



imrfioiuLS OF niRAnoNAL^ BiPFBRsmnuLd. i^ 



m 



f ABLfi 

bf some mote general Pormuld^^ 



■M*MM«aMMMitoMrt«MMai«Mi 



- — 



a+ bx::^ X 









2ff»— 1 



201—3 
— 1 



2flf— 5 









JP» 



•Aa**~» . "Bfl^X 



2m— 1 



20^—3 



h 



•Cci9-X*»-^ 



2m— 5 



2m— 7 



—I 



, T ■ ^a— jiiaM "7" n o il ^1 ■■ III "" L II I I 111 » Y 

— 1 / 



f 



3 1-1 



2 



ji;^ \2m— 3 2m— 5 



f 



2m^7 



2m-^9 



+. 



—I 



± — = — -^ — =^ ± iirji?;^ 



/f-t 



2i»— 7 






1 -r _i - _3/6*+»Z-v/A 



2m— 9 

—1 



2m^ll 



"^•••••••a 



-Ma*-«X» •»Ma"^»2r . "Ma* 



••••••••• 



—I ^ 

X- 



"■Ma* \ 



X^V-X 



J j^f \2i»i— 41+2 2m— » 



-AaX— » -Ba^X*-"' 
■** 2m— n — ^2 



•4« ••*••««•• 31 



•Mcr-«X« -Ma— »X 



—1 
_ -Mtt'— *X ^ -Ma- \ H 



< » % t • « - « 



Jx-dap^X=(; 



— (»— 6) — v'» — «y "^'•"T^^^ 6"+ >X 
X- -AoX*^' . -Ba«X-^ • ••CiWr*-^ 



+ 



2m+3 2m+l ' 2m— 1 



2m— 3 



r^»t*»**«* 
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TABL£ 

Of «om6 more general . Formule^ 



"^« 



:a + te = ^ 



'W Vf m jU 



f 






—I 



r«*d»x* = ( 



'•—9 + 7 ^ 5)' A"+* 

X"» *A(tX"»-» »»B^X^« «Ca3X^3 



2]n+7 2m4-6 



2m+3 



2m+l 



"• 11 + .9 ""7 j'6- 



;m+i 



(Vdxi^ssA 



, ^_. X* ■'AgX'-^ ^Ba»X'«-V "Ca^X— » 



+ 



I 



—a —I _«+• 



•Ca'X*-^* 



qin p» q 



^tjwf-^-j?— 3y 



« ii • « t ■ * t 



•'I 



^ *Mg*-^JP ^ mMqm-lX ^ mMo* 



J 



— 0>— 3j) +— (p— 2y) — 0»— ?;/j,+,jjt 












qm-^-f"^ .qm'\rp'^^ 



^iyta|k|>->i->df 



— 1 



*Ma-^X» •Ma'^'Jr 



MflTNjX 



1+1 



p+3q[ + |}+2jr jP+g/ 6*+» 
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TABLE 

Of some more general Formiite. 



A -^^ bx ZIZ X 



I 



i:: 



a^V-X 



- f ^ - -^ 



— S » i.»— s 



\ 3J**^"^ wj t W^*8 • ijW^J <I»W~^ 



D • E 

+ 



m—S 



•••••**4«l« 






,•„■ tx ■ ' 



A = 



(m— 1) a' •" •" (2m—4)a -*' "^ "^ (2»»— 6)a ' 



P^^ 






<2»i^7)6 (2^->9)6 Z-.2*Jr 

(2»n— 8) a ' (2m— 10) a ' .••••••••• •" 2a 









a^"""^ jE**' 



•••••• 



^ x» + xj^x + a J ,;ct 



Ass 



D=z 



/■ 



1 (2m--]l)i (2m~3)6 

"* (w— l)a ' ~ (2m— 4) o' ~ (2»— 6)0 ' 

(2»»-5)5 ^ „_ (2»ii-7)6 ^ r_«*/r 

(2m-8)a ^' "^ " (2«-10)a ^' """""" ^ " 25 *' 



<b 



a"X* 



/A B , C D , E 






at"" 



56i 



D 






pda 

- *» + « yXi/;C + 2 J sXt 

(w— ly ~ (2m— 4) o ' (2m— 6)0^ " 

(2m-8)a ^'■^- (2m-10)a^' ^^ " 25^* 






V**"^* 






•pm- 



x^ * xj 






mmmi 



mm 
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TABLE 

Of some more general Formute. 



a -^ bx:z X 



A =: 



rdx^X _ / A 



/ 



1 p_ (2»i+»--4)6 ^ (2i»+ji-^)^ ^ ) 
"(m— 1) a' (2m-^)a ^' ^ - (2«ii.-^)a * 

(2w— 8)a (2f»— 10)a ' 2a 






x«/i ^^* ^ 



+ 









— /-«^ i\ ^ ■ — ^» ■^— Ti: — K -x/,......x#=s- — i- /L. 

^»i-»-4) gra (w — 5)qa qa 

'dx4/X _( A B 



-^ , _c H g 



as»- 



±5,4)xvx±^JS^ 



A = L_ g_ (g»»-5)& 4 ^ _ (gm-7) g » 

(m— l)o' - (a»_4) a '*' *' - (2m-6)a '^^ 



2> = §«:=§* C,^=i=m*n X = i 



(2»i— 8)o "' "^ (2»»— 10)a ^' 
fdrX* _ / A B _C D E 



/= 



3a 



a^ 



3ftZ rdrX* 



±4+-) JP-^X± ^ ,_ 

(2»-6) 



^i9ifr— 8)a (2ii»-^10)a 2a 
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\ ■! JJIIf ■ g 



•^m 



TABLE 

Of tome more general Fprinttte 



a + ft»t= X 



J aC* "" \«*~* x"*""" x*""^ »*~^ ;c*'"* *" «•••••••« 

(»— 1) o' (2i»— 4) a ' (2m— 6)« ' 

_ (2«>-13) * p „ _ (2m~I5) 6 x-"^*- 

rdxXT _ / A B_ _C_ D_ _E_ __ 



•••••••»•«••••• 



+ £ - 1^ rr^ + — C^f^l 



.•_ 1 „__ (2w-n-4)& ^ P_(?2Z2l±*B 

"""•^Cw-l)*'*" (2m-4)7' ' (2»-6)« •°'« 



(2«-2-^ -:<»*-2)* jj. 

(2m -8) a ' 2a 



CixJpt / A _ _B_ _C ^ ^ _ 

J »•. V«"~' a^~' «"~* *«•-* ''" a"~» 



••• •»«••« 



'*' "~ X* "^ ap/ ^ 9 J '* 



(y»-p-^i 



(m-^)^a • (to — 5)5fa ' ya 



J 
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X ~ ^2»+"l "*" 2»t— I "^ 2«— 3 ■*" 2n— 5 "^ * — " 

, a*-'X* , tf^'X , (CN- ,_, ,4., r ^ 
+ -fi- + -3- + T j VX+a-^-J ^^ 

• ~ f p-j r-"! ji-sj 

"^ j^i-i)j +° J~t; 

C dx r 1 1 1 

J ^jj!a.'~L(2»— i)«x— ■ ' (21.— Sjo-x— • ' (fn—syi'X— ' 

+, ' + ' +i1_L+l fjf. 



xXT (J.— 5)oX7~' O— 2gKX7~' {p— 3y)a'X7~' 
+ I + i f_i_ 

rp— ijyxf-" "'•'ixf-' 

J X- ~ (2m— 2n+3)JX— ' (2i»— 2»+3)»J X- 
f — jfT^ = (•<»- — Bi—' + &--• — »<—'+ 



■~(2m— 2i»+3)*' (2m— 2n-H)6 

= J"^'e. :....i = 



i * 
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TABLE 

Of some more general Formulee. 

a-\- bx zz Xy ad-^bczz k 



f 



dx 






J xp-» 



dx 



^(c4-dc) 



(2p— 2) It 

C D E , 






dx _ / A B 

+ ]P + XJ ^(«+^)+ T J XTTc+cfa:^ 

. _ i (2j)^3)d _ (2p^5)(i 



(2p— 8)A 



(2p— 10)A 



2A 



a + ftx'^ = -X 



J m+l m+1 J 






m+l 



3*1-1 (m — 1) a f x**^*< 



jr (m 

r dg3:^ _ 

J a" "" 






x». 



x«+>X^ 



+ 






na . r 
rn + lj 



x'^dxX 






x\ na rdxX^"' 

(m — n — lyx*""* »i — n— 1 J ai*» 



■> 




^~ • ' « 
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TABLE 

of some more genera) Formuls. 



a^bx^zzX 



rdxXl _ ^ JCJ-*-^ ^ m— «— 3)& CdxXl 
J X* "* (m— l)ax*""* (m — I) a J «»-* 
r dg 1 (m-fw— 3)ft r dar 

J Ax 1 m+n—3 C dg 



pdx _ g n— 8 r jdar 



/• 






n+1 «+ 



Jdg^I- 



J « *~ n "^ J g 

J J-*!!:' V-X*""' a>-» ^ Jf"-* ^ 



+ 1 + ^) 



VX 



its 



i> = 



1 



(2ii-4)a' 
2tt-«6 



' (2»— 3)a ' 

2n— 8 



{^nS)a 



B, 



(2n -7) a "^ (2«^9)a ' 
*gdg ^ 1 

IF (n-l)26*-^ 



•••t-v* 






••♦ Xr ss •- JL 

a 



BBl 
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•anaiaMi*aiw4a 



TABLE 

Of some more general Formuln. 



ii^p-fc 



a+bx^zz X 



fdxx^* » (ax* + J?X>-» + cx«-« + J}jr«-' + 



dar 



+ KX^ xWx+ ^{^x 

.2» + 2' 2» ' 2«— 3 ' 

(2n^3)a (2n^40a ^ r - 3a 



I 



adxX« = 



2n— 4 
(n+l)26 



2n— 6 



*•+! 



dx 






x^/X 



r-i»«= r » ^ 1 H 1 t..... 

1 , _i_ , n J_ , i f Jf_ 

..«..Hb«B"^+'q:Xa!*^+'^X~5*'±(ifi— 2»+l)a£ P*^ 

' •'XT 



^;,, L p- (*»^l)tt ^ ^ _ (w— 3)a „ 

(i»^»+l)6' "(m-n ~ 1)6 ' *' - (»«-«— 3)6 ^' 



n- (»»— 6)a ^ «_ (w--7)a ^ ^ (m— 2t+3)a „ 



,.,... ± lie* 4; XitcVxi 3*1 r 



»♦• 




V5: 



B 



snaBannnpRaBBi 
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TABLE 

of some more general Formulfie. 

a + 6a:* = X 

1 „_ 2«a a <t- (2»-g)» |, 

(2m+ l)i' (2»*— I) 6 ' (2»T-3) * ' ' 

i> = ;sr-?w- O, is _ ^^j-^ 1>, ... Ji _ ^ IT. 



/ 






(2*11—5)6 



2mi' (2W— 2)6 ' ~ (2m— 4)6 ' 

n _ (2t»-5);a „ „_ (2m-7) a^ ^ r _ 3« jr 

^ - (2i»-6)6 ^' -^ - (2m-^)6 ■^' "^ " 5r ^• 



26 






±.rx« ipXa*-^ ± 2<it r 



xdx 

1 »_ 2«g ^ ^^ (2i»i— 2)a „ 

^ " (2»^-l) 6' - - (2»i— 3) 6 ' (2i«-6) 6 ""' 



J^ 



n - (2m— 4) g ^ „_ (2»»t— 6)a ^ r-^ tr 

■° - (2»-7)6^' ^- (2«_9) 6 ^' ^-T^- 

\.± Kx> + lA -^ ± ZoL f— 

A_ 1 p_ (2m-I)« ;. ^_ (2w-3)a „ 
~ (2i»»— 2) 6' (2»i-4) 6 ' (2m— 6) 6 ' 
r> _ (2m-6)c ^ „ _ (2m— 7) a ^ r _ *^ r 

* - (2m-8) 6 ^» * - (2m-10) 6 ^ -^-26** 

r_d*_ _/_£__ _£_ + .>£ -P .g 






•• 



•••••v±;^,+j4n)^"**' +' («+«-2i-l)6xJ. 



dx 



PWl 



nCBOlUIJSi of: IftRATIOIOI^: BIFFEBBNlIALaU 9», 



TABLE 



Of some more general Foimole. 



a +**•=.? 



ii=-i 



jB 



(m^3)a r. (ii^-6)a ^' 



_ (m+n-7)6 _ (m+n-9)& (m4-n-^2t j l )6y 

"■ (»— 7)a '• "" (m— 9)a -^''••^- (w— 2t+l)af ^' 



k-f-i 



^z 



±1^^)^'^"/^ 



aVX 



^=-JL,B^(^-;;^^,c^il 



3)6 



2i9ia 



(2m— 2) a 



(2i»— 4)a 



i?, 



(2.>-^6 ^ 

(2m— 6) a •' (2mr-8)a 



2a' 



f ^ - r^ 



^ +— - 



D JK 
+ -=^ 



'•••t4» 



±iTi)v* 



il = - 



(2 



(2i«~2)6 (g«»-4)t 

1) a* (2iii— 3)o ^' *' - (2jit— 5)o ' 









"" x*»-« "^ x«»-» 



*i4)fx^-a 



2ma* (2m— 2)a ' (2m— 4)a 



(2m~3)t^- (2m-5)a ^ 

(2»»-6)«.' . (2m-8)J. '• . 



2a 



jr. 



■<T 



SCSSSmnS 



(MO nitSORAKfS OF ^OmtATIOMAIi DIPFBRBNTUU. 



of some more general Fommln. 



o + 6«'= X 






#p^w^^j 4»M y 



••••»••••■ 






j **»+»dx^Jfe/Ai!«»— B«*^-;»+ a^ 



A- ^ B— ^'^ A r^ ^'^~^^* n 

(2«— l)o' -""(Sm— 3)a ' (2m— 5)a ' 

(2«i--^ (2«H-Q£ - "r_4*jr 



il 



(fn^^n-\-l)h'^'^(fti^ 



0^-1)^ ^;^C^ (»»-3)a 



!).« J&rSji. fife ^^^\f A>>^X3,^ ^V^ A^^>^ jt 



►""•^ 



•••I 



) ..•^..•. ± Ajt* q: Ia« J J!rv^:f±2aZ fxdXi/jr 



ji = 



vB = 



2m« 



(«ffi+3)6' (2m-Vl)6 



il, C 






p_ (g>ii-^)a ^ ^_ (gm-6)a - > r 1. ^a 

•. ± JTx* q: Ix \x^X± aL Cdx^/X 

. ^ ^ ft ^ (2.l^^l) g ■ (2m^3) a 

i>^.g,^-^)« c,jg=.^^^^>f A;,.o..iL=:ggir, 1 



IHTBGHUa OF IBUTIONU, DKFSBBinUU. SlI 



lr--*=(^ 



,. + iri< + i*- ) x-i/x ± «.£ J idijr* 



•~x' 



_^ (8»-a)<. j 

~(2m+6)a'" (2ot4- 3) 6 "' " ~ (2m+ 1) & ' 

+ K^:f Ix) X'^X± oi JitX* 

^l 1 - (2».-l)» . c , (»»— 3)» j 

(2m-5>. <2..-7).. n i=gif. 

,. _ _!_ B-t2-2=21^ ^ o - S=5=2i B, 



iit INTGORALS OF- ntRATIOHAIi .DUVItEUfTIAIiBi . 

Of some mort 



ima' (2 
(ai.-7)t „ 
- (2m-6)o *-' " 






*«-* 



,B=e!!=!L'A,c=e=!=a». 



~ (2m— I)o' (2m— 3)a ' (2m— 5)( 

(2M-8)t (2»-10)> 26 

(2»— 7)o • (2»-9) a 3.. 

-diX* _(A__ _B_ _C £_ _£_ _ 

±^.|)-vr±a«/^ 

,_ 1 ■ (2m-S)> (21.^7) t - ■ 

" - ~ 2S;' '' - (2m-2) a "' '' " (2S=J); * 

(2m-9)i (2m-1))6 , ^ -» , 

rixX* _ / ^ _ -B _£ D_ _B_ 



J ... (2M-6)t . „_ (2i»-8)6 ^ 



|KTJSaKALS<OF . IRRATIONAL. DIFFBRBNTIALS. f 13 



seas 



T A B L E 
oCtM>me more general Form]ile&. 



^t^^am^mtMlmmmmmm*t 



t» aiO. 



COS 4* hx'^ = X 



2a!«+>'X^ 



nb 



J *^*5^"^2m+»+2 2m+n+2 



J 



a?«+^xX^" 



— 1 



2a:»"* , 2m— n ra^^-^^da: ' 

J (m+n + l)o .(»»+n+l)26J 



7» • a-w+iX''^ 



m+» + 1 T 2(m+n.+ l), 



da?X 



darX'^ 






2X'^'*'' (ot— n--2) 26 T darX^ 

"* (2ffi — n— 2)^*" "" (2wi— n--2)aj a:"—^ 



pdarX^_ X^ ng T 

J -"jr -— (i».-4»— I).**-* 2 (m— n— 1)J 

i 

r dx 2 _ (i»t+»t— 2)26 r ix 



2«- 



Paf dg __ 
J X* X»^2)aX"^ 



.2)aaf'X^ 



2(«i-^-^+2)rar-'da; 
i (?»— 2)a J ^^-1 

2(»t-fn^2) . r da? 

-1+ (n— 2)a J^+ixT-» 



IT: 

f da; 2(26a?+a) (»—3) 45 T 



dx 



X' 



— 1 



na" 



J' ~ (n+l)26 (n+l)45, 



b/^^'" 



feli lN¥MfeAi^ OF IRRATIONAL 



*mmm 



TABL.E 

of tome more geneml Fcmnul^; 



a^s + hx*zz X 



^. » . - 









«( 

■« 






(2»>4-n— 2«-t-4)g y 
(w+n— i+2)2i 



^_ 1 „_ (2m+l)<i . ^ _ (2**— l)a ^ 

^ ~ (5rp2)r * - (W.+ 1)2* ''• *^ ■ ■2;«& ■ »*' 



/ 



ai"tLcX 



.....,...± JEt + £ W-v/Jf ±^ f« 

^- ^ -_ (2m+3)a ( 

~ (M+4) ^ ' * ~(m+3)36'*' *' " ( 



'm4-2)2& 



B, 



i)=:.p!l!=Jg.c.^=(i==^D l = 4^K. 



(m+l>2& 
CAxXi _ /Ml_ _ ^B_ ^ C_ 



2mb , 



7a 






a»" 



^q;:(m-* i»» » !)&£ 



MMM^p 



Of aoioe,i4ore general, Formihib 



a (n-«-2)2t (,,_-3)M j 

~ (2.M— «— a)<»' (am— »— 4)a • ~(3«-«— 6)11 * 
(k-»-4)a (»-«-5)2i 

~ (2«— »— 8) a ' ~ (2m— n— 10)a ' 

, ... ("--^QW ^ 

'^-(2».-»-a)a*^-. 

rix,/X _fA B C D . B 

±|.^)-^^.:«J^ 

^ (2m— 3)a* (2m— «)o ' (2m— 7)a ' 

(M-^2ft (M-6)2& j^ i; = i*ir;" 

Z' , (2m— 9)a ' (2m— ll)a ' So 

raix* /^ B_ _C_ ^ _D_ _^ 

J JT * Va?" x"^* ^ a?"-» *" 3f^* Taf-* ~ 

±§T^)w:.^«;^ 

^- '» „_ («-5)at , „ («-6)M -„ 
''-~(2«-6)a'"-(2»_7)<.'''''-(2»-9)a -• 
j^_>;--7)M (»-8)2» ,_«»• 

. -(2»,-U)<.'»-^-(2m-13)a'' '■"%'• 

1 ._ (2»-»)a . (2i.-;i-2)a 

(2„-»-4)„ „ ,_ (2„-,.-6),. „ 
■° = l«-.-2)24'''*-(,«-»-3)2S ■"■' 
_ (2».-.-a.+4)i. 
~ (..-»-i+2)2i 



' 



916 imrlBQRlIiS OF IRItAl*IONAL BlWifSSSHVlJaA. 



assE 



TABLE 

• 

*of'80iiie more general Formtiltt. 



ax + &e*:± X 



! 



/ 



rS^ssf ili»-i — Bj:«-^+C«^»~*^ — 






cb; 



— ± J& + i ) VX±Y f 

A- * T> - (g«»— 1)« , ^__ (2m-r3)tt „. 



(2i»— 5)( 



•»< 



±«^TX^)J^±^/f^ 



X* 



(«*— 2)A ' («i— 3)36 ' 
" (»—$) 26 ' (»— 6) 26 



(?«-r6)a. 



(m— 4)26 



«, 



A 



26 






iis-^. 



(2wi4-«-"2)a ""(2m+»— 4)a / ' ""(2iii+»— 6)a ' 



£ — (»»+n— t) 26 y 
(2»i+n — ^2t)a 
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TAIBtE 

* of some more general FcHnnQte. 



ax+bx^ =:X 



r Ac \ .(A B ^ 



D E 



±? + t)^^ 



~ (2j»— l)a' (2»i— 3) o ' (2»»— 5)a ' 



. 



Ti^ (m~3)8& ^ .„_ («i-4)2& ^ r_^ir 



r dar _Y^ g £_«.^j. 

J ^jj4 Vac" at*-' '*' «»-« *"-» "^ 



JET 



. JT XV 1 „., C cb 



2fnb 



^ _ («^1) 2t ^ ^ _ (m^2) 2^ ^ r«6*jr I 



oar + fta:* = ^X, 26ar+ a = IT 



r.dz _ / Jl B C BE _ 

•'x* ^x~ jr~ jr"»" x~ XI" 



. K _ L \^U _. -. ..... f d»? 



X » 



Jf* 



4_ 1 i,_ (»-3)46 , (»-6)46 

(n-u7)4t (n-9)4& „ ,__ (n~2i+l )4A ^ 



•w^aiaMi^pamavi 



'^*" 



W»^— <>—fiWP' 



418 lNVR9itAt8. OF t^RMiOHkb B^P«WHf7NM- 

vS. Mve »«!« ganenl. fofof^ 



cut + &e* = X, 2^ + o = l^ 



Cdx_^/A B _C D S 

1 1 ~V — I *-i »_j"r. ii-T •-9"'" --ii . 
J X* ^XT XT Xs". XT X— 



±r«+xjvx+®" 



X* 



(n-7)4ft „ „ j*-9)4» 4.46 

.(m-p^)*' (« — 10) «* 3a* 



a + fce + e»* j= X 



(»i+2p+t)c ^»i+2p+l)cj 



(m— 2p+ 1) cXP-* . (w— 2p+l)cJ Xp 

(m— p)6 



, pb r^Xp-^ . 2pc 




INTJ5P9iUX.a OF IflRATlOMAIi miWEENTIAIiSi HIB 




of sottie more genera) FormulfBu 





• 





J <* ■". (»— l)«f»-»"' (m— l)a J a?«-» 



(m4-2p— 3)c fdx 
"" (m— l)a J«« «J 
fda;_ 2cg+ft (2p^3)2c C Ac 

JXi»""(p— l)JL»>-»"*" (p— 1)* J»-' 



r»^2p— 3)c rdxD' 



^ 



[*»* = 



(3e»+i)l!> 



+ 



i*- f, 

■H)2cJ 



tb*-' 



(2p+l)2« ' (^+1) 



- + 



+ 



L '^\2(2cx+4) 









4.(n-.St->l)4ci; f 



** Xi-« 



n _ (»-7)4c ^ „_ (n-9)4e («-.2t+l)4C y 

r±. - (^ + JL + _2_ + -^ + _^+ .^ 

•^ ^5 ^X— XT XT XT Tnr 



%0 INTEGUALS OF IRRATlONAIi DIFFERENTIALS, 



TABLE 

t>f some more -general Formate; 



t I'i. ' . 



« ' « « j»fc 



a ± I)x,+ ex* = X, 4ac-r-6*=: k 



* , • « • ■ 



-■ •*^' B « t 



J 



1' „ (n~3)4c , (»-5)4c 

(n— 7)4c ^ ^-_ <n— 9) 4c „ " 4.4c 1, 

-■^ ^ 0^38)A ^' ^ - (,^-10) A ^' "^ 1* ^• 



d*x7 = /iirr + jB;rr+ cxt+ iirr+ lan 






•••.•♦•• 



+ iX"""i" + XX'^T^J (2cr + 5) 






fdxxr-' 



A == 



1 



• J5 = 



(n— l)4c * "" («— 3)4c ' 



(n+l)2c 

(n-6) 4c ' (n-7) 4c ' 



ttn* 



. {»-2i-f4)* _ 
..... ^-(„_2i+3)4c • 

j d«JC« = /ilx'T4. ,8X^4. CX^+ 2):tT^+ J5rXT'+ 



+ jrX» + Xz) (^cr + 6) V^ + ^ fdx^X 



vil-= 



1 



(n + l)2c' 



,5 = 



^ ^ _ (n-2) k ^ 
(»-l) 4c ^' ^ - (»-3) 4c ' 

5k 



D=.^^^=^C,E=.prM.D, L=.ZZ^K. 



(n-^S) 4c 



(» — ^7) 4 c 



4.4c 



J (»+2)c 2cJ 



g g 



nti*fiaRALS car iRKATiaNAL diffbrbntiaiis. fm 



TABI-E 

of ^tomeinoTe genendJ'onnuls. 



I 



a+bx + cx^zzX 






f^=?>-J^+IJ--- 






(2»-3) 
1 






+ 



iaj. iii. 2a»JZ^ 2a»J *^ 



+_L_ + 11J_ 



b Cix__ jt_ rd* , Jl_ r da: 
2af^' J y* 2a« J yi "^ o^ J. x^X 









X^ 

€^X^^ 

291—5 



+ 






+t)^' 



+ 






^ 






••«•«• 



••• "J" 



'-»J'a.x»+^»J-aivx 



+4Xw+--;- 



da?'- 



!I98 IKYS6RALS OV IRRATIONAL^ DIFFBRBNTIAIiS. 



amm 



*^ " ^^w i i^^ff^^fffff ii ffS^^S 



Values of thei J)t&^tft Integrals, 
from X =: to xzza. 



a« — «»=rX, *=: 3,14159 



2 



TJfL ' 
J VX''^ 

J VX-2 
far^dx 1.8 wa* 
J iv/^ 2.4 T^ 

r j«dx _ 1 . 3 . 5 ««^ 
J ^X""2.4.6' 2 

rar«da;_ 1.3.6.7 
J V-X'"2.4.6.8* 

ryodg 1,3.5.7.9 
J 7^^2.4.6.8.10 



2 



2 



10 



xdx 



:= a 



J \^x 



Vdx 



2.4 



V2 3-5 



J ^X""3.5.7'^ 

J ^X""3.5.7.9'* 

ry"dx_ 2.4.6.8. 10 
V-SC^3.5.7.9.11 



»ii 



f x'^'da? 1.3.5 .7., (2r--^3)(2r-l) to] 
V-^ "* 2^4.6.8.. (2r--2)2r* 2 

pa?»-ndx _ 2 . 4 . 6 . 8 (2r— 2)2r ^^ 

J ^X "^ 3-5.7.9 ^(2r— lX2r4-l)'" 



J ^^^=^ 4. 8:8.10 - "4 



5?. 

4 

1>3 ««• 
4.6* 4 



4 



f* 2 d* 

rx^d^v"^ 



2,4 a[^ 
5.7'3 



II 



J ^ 4. 6.8. 10 ,..4.i.8r(i»r+ 



2.4.6.8 a_ 
5.7.9.11' 3 

+2) 



«a 



[9r+ft 



>9f¥9 



^+1 J /«► _ 2.4*6. 8....I (2r--2)2r a 

X dxV'A -5 7 9 11 (2r+lX2r+3)'""3 



IHTBGBALS OF IRRATIONAL DIFFSBBBTIIAIfi. 9SS 



S 



Values of the Definite Integrak 



(Vdx(a«— a^*; ja 






a« - a:« = X, » = 3,14159 






dxX'^'s: 



3«tf* 
16 



6 16 
' «.* 1.8 3«i» 
^^^^ = 678 • 16" 



C^:, ^ 1.3.5.7 3«u» r.:,^f 2.4.6. 8 

ri _ 1 . 3 . 5 .7 ...;..(8r-.a)(2r'-l) 3«»''-+* 
**'*'^ ~ 6.8.10. 18 (8r+2) (2r+4) " 16 

•/ . . _| _ 2.4.6.8 ...;..(ar^2)2r a*^* 

** '''^ ~ 7 , 9 . 11 ♦ 13 (2r+3X2r+5) ' 5 






5 



rda:X*=^ 



; 



J 32 

T' i 1 



32 
W 
32 

roxA -g.lo^T 

1.3.5 W| 

8.10.12 ' 32 
1.3.5^7 5w^^ 






r 



xArX^ =^ 



r4 2 o' 



9'T 
2.4 



•It 



Jx*dxX*=^-jj ^ 

2;4.6 a]^ 
9.11.13 ' 7 



; 



xfixX^ — 



SaoOOi • "32" I J "^"^ " 9.^U..13.Jl$. .7 
ir J ^4- 1 . 3 > 5 . 7 ,.....t2t':^»)(2r-l) 5<ra**« 
J ^ixX = 8.10.12.14......{2r+4)(«r+6) " ' 32 

, ^-i: 2.4. 6.8 (2r-a)2r tg;;;;; 

***'^*^ = 9.11.13 .15 (2r+5X2r+7) * 7 



/ 



dd4 mr^amALs of imuknaKAL mwifEUEnxiAhs. 



Values of the Definite Integrals 

from a; rz to X =: a. 
.«»-«•= X, « = 3,14159 



d:.Z* = »-» 



J/ 1 



wa" 



dxX'^ss 



2.4' a 
1.3.5 'vcfi 



2.4.6' 2 



2 



2.4.6.8 



j^l.3.5.7.9 _ 
2.4.6.8.10 2 



va 



10 



-- w' .. 



/ 



dxA* = 






2. 4. 6. 8. ...... (»--l)(«-|.l) 2 






x«daiX^ = 



1 



w+3 



. tf 



dxX; 



ar*dxJr = 



1;3 



J- 



x^dxi'^s 



xdxJTTs 



(n+3)(n4:5)' 
(n+3)(n+5)( 



1+7) •* J """^ 



n+2 

x'qXa ss " ■■■ ■ ■ • ■■'■ ^ 

r . »+4 . n+Ji 

2.4 



r- 



x*dxX' 



(n+4)(n+6>. n+2 



•••••"■••"•' "•••••"'^^ "■"•■"■""•'•■■ ••"■•"■'- 

J*^^^ = (nH.3)(«+5)(«+7) ...... (n+^r+ 1) ' ' J '^''^ 

f 



X*+»d«jr =r 



2?. 4. 6. 8 2r 



t«»+«r+fl 



(n+4)(n+6)(«+8) (n-f 2r+2) " n+2 
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_ / t-3-5.7.9 Y / 1.3.5.7.9.11Y -| 

=ri'r, + i.l_H.H+: 



' * H H+IH *-3-5 1-1-3-5 1.3.5.7 

2^ ■4.6''^2.4.6 '4.6.8 2.4.6.8 ' 4.6.8.10 

1.1.3.5.7 1.3.5.7.9 _ - "I 

<' <> A R a in'j ARinio *c. J 

rs 

,/x 



2.4.6.8.10 4.6.8.10.12 

. -*C fa-^Mi . -*D r:r-*-<lx , 



t» INTEGHiLW OF lltRATlONAL DiJPF£fM^tITiAi4SI. 



Values of the Definite Integrals 



fH» ocsi: tp«s« 



a* — «*z:X 






(l+ct»)«X«= I dxXi+..Ac| x»dLtX» + 1 Bc» 1 x*»tLcX« 






Ax 






•^ (I + ca*)« VX ^^^ 



'+ 






' a!»d» 






r 






Vi: 






+ "1Cc« I «»*darX»+"fDe I a?**cLrX« + Ac. 



r 



'f 



aj«+«*dar 



vx 



j «^x(l+ca*)^X5 sat j a?"dxX5 4. TAc J «»+»da:Xi 









J ' afdxXy _ 


















ardxX« +, « 



+ 



\^c^J 



^Ac I 1 



«"+*dxXJ 






latEGSLklM OP IRKAX'IOMAL DIFFlflSMVIALS. nt 






f> 






-t 



r^l!^ _ __w -^jg j^^j ^^ following value hold "I 



!228 INTBGRAI^ OF IRRATIONAL DIFFERENTIALS. 



The Developement into a Series of the Integral 



a ■{- ba^zz X 



Ca^dxXP = aPx"+» ( A + Bi* + Ca5«»+ Dx^* + jEx**+ &c. j 



A = — 7-7, B :=' , , — r . -, C ^ 

m-i-1 m + n+la 



I'B 



6« 



w + 2» 4- 1 * a' 



D=: 



i'C 



6» 



»i4-3n4-l a^ 



,5 = 



i»D 



m+4n+l a 



- + &c. 



Jx-(kXP=6Px-+^+^ (il +^ +~r + ^ + jJ-1-&c.) 



ii = 



1 B^—^^— .- 

w+np+l' m + (p— 1)«+1 6^ 



C = 



17 ss 



i»B 



?=,D = 



i»C 



«4,(p^2)i*+l 6*' !»+(!>— 3) n+1 ft» 



I'D 



^,&c. 



»i+(p— 4)»+l fc^ 
. J^ « _ (»»—»+ l)a . 



(m — 2» + »p+ 1)6 ' (w — 3» + np+l)6 ' 

{«i-4n+l)a ^^^^ 



J5? = 



(m— -4n + np + 1)6 



Lf 



ar«dar» = a!~+'XP+» 



(.- 



B«» + Car* — D«»»+ Ett^ 



— Ac.] 



(W+ ly (m+n+ 1) a ' "^ (»i+2»+l)a ' 

_ (m+3n4-np+l)6 p (OT+4n+wp+l)fe ^ 
^"" (m+3n+l)a ' (iii+4n+l)a ' ' 
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I 



The Developement into a Series of the Integral 



1 3^dx(a 



a^ bai*=: X 



fx-dxXp = - x»+ » XP+ » (a -\tBX + CX^ + DX^ + &c. ] 
A — 1 n __ m+n+np+l ^ p _ »i+2»+n p4- 1 

(p+4)no , (p+5)no 

w— 3» + np 4- 1 . i»-^ 4» + np4- 1 

wi4-3»+l . w»+4»+l »i+5n4-l 

._ 1 „_ m-n+l ^ -_ wt— 2n+l - 

0)+l)«6' CP + 2)«6 ' (p+3)n6 ' 

m— 3»+l -, -, «— 4»+l _ _ w—Sw+l « ji,- 
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heamm ttXiamal, by putting x = y*^.... ■ f^r then we have 

v'* =: i^-'"f i/r = jr"-", •/* * jr^...-., ^^ ^ y>r — , &c. 

and d* = (MOV — )i(**»""'"*d^ To ti^ belotlfi;«* far eEBm- 

i. * 

pis, the flifferenOkl ■ . t i ^ ^ » "^^ff dT; wltkhU rationalized bt 

putting a = y"°. 
II. The Difierenttid 

becomctretional by putting a -f te=y"; for then ^(a-f6x)=y, 
,= j^>tt^^^_ «y^dy To this form, «. s. belong tiie Dif- 



ferential! 



rational, when we make a + bx=^, and a + 6* =: y*. 
III. the ]C>lfierential 

ik ffttiottalized by pstting ^^=^'1 for tiien ^^ ^^-^ ^y| 



* A differential is here considered as integrated, lUs loon as by I 
asq ttaWroMnatitD, it is ratima^Md, «r redlkml tO sueh an g 



IMTSOmAIiS (NP IRRAnONAL DIFRBRBNTIALS. »« 



, = •=££, d.= *^^r^y ''^ • To which fiam be- 






f ■ ' » I 



■. The 



admit of tke follow* 



lag forms : 

I 

IV. The Differential 

dxP : [«, (a+te)?^, («+»»)i, (a+&t)T, Ac] 
beottofii nJAoMlf ^ nvdiinf A4*&'£y"t''**; % then 

(a+ 6a:) •= y"V', (a + 6x)i= y^**', (a + bx)Tzz y^*-, Ac, 
X = ^ — ■ . ■ ■ , dx = t', 1 «<■•••?•/ *dy. 

V. In a similar manner the Differential 



dxF 



r fa+bx\^ /a±lx\^ /a + 6«\^ . T 



is made rational, by putting j^ — = yv—. 

Vh To m^e ti»e Qiffsr^tial 

4ftP '• [«, V'(<> + ♦» + C**)] 

rational, we must distingnish the t0o cases in which c is pesHifa 
and negative. 

Firit Case. The Differential dxF : [x, \/(a + 6x + cx«)] 
is rationalized by putting ii-|-6xrf«x*s c(x + y)*; hence we 
obtain X := JLnSJL, 'd, « _ 2c (cy* - 6y + a) dy 



tt»MmBH!""WIP 



nnawi 
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Second Case. Letr, r^ denote the two roots of the equation 
aJ^hx — cJ* = 0; then ^(a+ hx — ca:^= \/c (a? -^ r) (r' — a?) 
llie Differential dxF : \x^ +(a*f-5a: — ex']] is rationalized, by { 
putting t^cix — r)(/ — x) zz (x — r)cy; for hence we obtain 

cy^+1 '^" (cy+l)« ' ^^ T ^ cy« + r 

The roots of the equation a -f- ^^ — ex* = are necessarily 
real whether a and b be positive or negative ; because otherwise 

Va 4- 6x — c«* would be imaginary for every value of x. 



VII. The Differentials 

dxF : [x, V(a + cx«)l, dxF : [x, y^(hx + cx«)] 

are comprehended in the above forms ; for we thence obtain them 
by makmg 6 = 0, or a zi 0. 

VIII. To rationalize the Differential 

dxF : [x, ^/(a + *x), V(a' + 6'x)] 

we first make a + ^* — (*' + ^*) y* J .^** gives x =: - ^ ,^ ^, , 

= //«/'^ » V ' By the substitution of these values, the given 

Differential is transformed into another of the form dyf^ : [y, 
Vi^y^ — 6)]» where /^denotes any rational function other than 
F; and this diffetential can again be rationalized. 



IX. The Differential 

p 

x*~*dx(a -|- 6x»)« 

admits of being rationalized, in both cases, where — or 1-€ 

is a whole positive or negative number. 
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p 
First Case. Let a + ft** = y*, then (a + ftx") J = y**, 

By the substitution of these values, the above differential is 
transfonned into -^yi'+^^'dy ( T" ^ ) * , and is, therefore. 



rational when 



or — is a whole number, 
n n 



Second Case. Let a +' ftof = a^ ; then «• = -, 

y* — o 



— gy^ 



a^h7^=: ~^, (* + fta*) f = 






'f 3^ zz 



a» 



« > 



(y»--*)- 



x^—'dxr:- 



-2 — 2_ — . The given differential is transformed 



into 



w(y«-6)7r+-7+' 
a whole number. 



■;; — , and is, therefore, rational, when h - is. 






X. In the same two cases, and by the same substitutions 
the differential 

' p ' 

a*»-» da: (a + 6a:»)TF : [x»] 

is rationalized. To which belongs the differential 

L P^""* d:c 

x*+*~"M«(a+6x*)f , and the still more general one ■ x 

(a + 6a*)7, where P = i4 -f Bof + Cx«» + I>«*» + Ac, Q = 
il' + BV + Cx*» + IXx^* + &c. 

The differential 

which comprises forms IX and X, may be rationalized, when 
— is a whole positive or negative number; for by making 



234 INTEGRALS OF IRRATIONAL i>IFFERENTIALS. 



^(a + far-) = y, we get «• 3 ^^-^y *" = (^-f^) 



XII. Let X, X%X'\ denote rational fnttctions of x, then 
the differentials 

'XAx 

Jir+ jrV(a + **+ ex*)' 

Jfdx 

X'VCa + 6x + cx«)+^V(a'+A'«+c^a^)* 

nmy always be rattoofJized^ by multiplying tha former by 

X"— X'VC^' + ^ + <^)> <^d ^« l&^r by ^i/(a ^ 6x + c±*) 
«-* X^t/iff-k^V^ + ^x*) I from thenoe the fonner is transformed 

. XTdx Xy^dxv^(ft ^> to + ex") 

JP* — Jr^(a+to + cx«) jr«— JT'^Cfi + t« + cx«/ 

ich wahave merely to make rational the second part ; and the 

Zjrdx\/(a+&x+cz*) 



latter into 



jr«(a+ fac + cx«) — X'^ (d' + yx + <j'x») 



ber admits of being rationalised separately/ 



XHL ThaDiflEmntml 

x^xF:[x", v^(a+fae*+cx'*) 
by putting x- = y, may be^trans&rmed into 



and in thisfoRn> may be fationaiiifd by tlia method in VI, when 



^ The square roots of quantities may be generally erased in a 
denominator, and then we hate only to int^rate a momomdaL 
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»i+l 



is a whole number. Also the differential 



af^dx (a + &«• + ca^)« 



XIV. On the same condition, that 



OT4-1 
n 



be a whole num- 



ber, the differential 

sl^dxF : [«»^ Aa* + ^(a + A««*)] 
and the yet more general one 

may be rationalized ; for putting Aa:»+i\/(a+A*x*»)=:y, we have 



X^dxzs: — 

»(2A)" 
To this form belongs the less general one 

dxF:[x, -/(a+AV), Aa:+V'(a+**«')] 
of which the differentials [af+ V(1+«*)N«> [«+^(l+«^J'Xdar, 
[aar+6^(l+x«)] [x+\/(l+a:')l*d^, which -Ciifer has integrated 
in The Appendix to § 125 of the fibrst volume of his Institut. 
are particular cases. 



r 
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OF 
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mm 



TABLE 

of Formulae of reduction for the Integral 



h 



sin*^cos»9 



dfsiu"^^ cos*f= 



I. 



in «+lAon« •"~*A n*— > 



Sin •+*^ COS """^ 



m+l 



+ 



"^ (if 



sin*«+*^co8*~* 



n. 



d^ sin -^ co8'y=--^^^^^^y'"'y4>g^fo »i«^-f C08-+' 



I d^ sin ^ 



cos »^= — 



Itt. 

sin'^—^^cos*'*''^ m— 



f 



IV. 



—; — I df sin "•'"•^ cos 



sm '"+'^ cos »~»^ , n — 1 T,^ . .^ _«, 
sin*^cos*f = •-, ^H — r- I d^ sm "^ cos •^^ 



V. 



sin •"'*■ 



d«sin«^cos«(p= Vi H TT- d(psin"»+«^cos"^ 

VI. 
d?sin~fcos«^= ^rr H n— " I d^sm-^cos"*' 



These formulee obtain^ whether m and n be positive or negative 
whole or fractional or 0. 



HH 



sssi 
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TAB. I- 



fdf si 



sia"f 



1 



j df sin f = — cos p 

I df sin *f = — ~ sin f cos ^ + K^ 
I df sin ^f =r f -. ^ sin *f ^ - j cos f 

I d^ sin *^ = f — J sin '^ — g sin f j cos f + 5 ♦ 

j df sin »^ s= f — - sin ♦^ — — sin^^ — yr] «>« f 

r / 1 5 5 \ 5 

df8in«^= f-gsin»#-.^sin9^ — Ygsin,^lcos^ + y^^ 

j d(psin7^ a: /— -sin«^ — ^sin*^ "" 36 "'^ ** " 35) ^^^ 
C f \ 7 35 . 35 . \ ^5 ^ 






ii I >* ■ ■ 



mt* »■ 



«•««■ 



f. 



dip sin f =r — C08^ 



di^ sin «^ = — - sin 2^ +0 ^ 

1 3 

df sin '^ = ~ cos3f — - cos ^ 

1 1 . Z 

d^sin*^ = ^sin4^ »- jsinS^ + ^9 



C 1 5^6^ 

d? sin '* == ^ cos 7» - 55^ <:o»«? + §4 '^•''^"ei *'*" * 

t .. .. 7 « 



!■ 






448 
1 






^«>'' "f =?^«''««'-96"''^*+l28""**";32''^"^*"'l28'^ 



1 ^9 



r'co87ip-^^4s 5^+fi2c6s 3J> 



64 



s: 



s^ 
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TAB. II. 



I df cos 



m 



9 



I d^ cos f = sin p 

V 1 1 

I d^ cos ^ = - sin f cos 9 -f~ o ^ * 

j df COS ^f = ( - cos*9 -f - j sin 9 

j d^ cos *f == ( - cos^f + - cos ^ ) sin f + Q f 

I if cos *f =s f -cos*^ + Tr <^os »f + -- j sin f 

d^cos«f = (gcos*^ 4- --cos'^ + — cos ?>J sin^ + — ^ 
I d^ cos 7^ =i: f - COS V + 35 ^^8*^ + 35 ^^s"*^ + 35) ^"^ ^ 

/I 7 ^fi ' ^'S \ Q*?! 

dipco8»^= ^g COS '9+— COS *?+Y92 ^os '^+128*^°®*') *"**128 * 



d^cosf zz siii^ 



Jl 5 5 

d^cQs^f = ^sin6^ + ^sinS^p + -sin ^ 

J d(p cos«J= jg^sin6<p + ^sin4?> + gjsin29 + 16* 



d^ cos V = ~ sin2^ + Q ^ 

1 . 3 . 

d^ cos '^ = T^sin 3? + 7 sin ^ 

113 
d^cos*^= 77^ sin 4? -|- -sin 2^ + « ? 
o^ ' 4 o 






1 ' 7 7 ^'J 

^^^''^ ~ 448 -°^* "*" 320^^^^* "^ 64""^*^ "^ 64"*^* 



1 9 9 7 63 
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I » r i 



/ 



TAB. III. 



d'P 8in f cos*^ 



fdipsi 



SID ^ COS "9 = — 



1 



n+ 1 



n+l 



COS ""'■ * 9 



Cos f =: cos ^ 
CoB^ 



Xi 



1 « ■ 1 



i! 



I' 



). 



^13 

Cos ^^ = - cos 3? + - cos ^ 
4 4 

113 

Cos V = g C084* + gC0s2^ + g 

1 6 ' 5 ' ^ 

Cos*^ = TgC08 6^ + I^cbs3p + gC08(p • 

1 3 15 5 

C08<^ S= ~ C0S6^ + ^ C084f + ^ C08 2<P + |g 

1 7 21 35 

Co8 7^»=— cos7^ + — eo8 5^ + gjC08 3<p + g2cp8«) 

1 1 '7 7 ^ . 

Cos^p s= yjg cosSif tH Ig cos 6« +^ cos 4(P + Yg c0s2jp + 

^ 1 ^ .'9 « . . 9 ri. . 21 oL-T-63 ' / 

^''''*'=256''''* ^^■'■256 ''''* ^^+64"^ ^*+64 <^^«^+i28^^« ^ 

1 ,^ 5 , 45 ^ 15 ^ 105 „^ 63 
Cos-f=gj^O8l09+^os8?K^cos6^+g^co.4^.— cos2_^^^ 



i2i 

128 



\ii 



It. ... 



Co8«^ = — ^ fcos ^^ + M COS (n — 2) 9 + "B cos (n — 4) ^ 
2* * L . J / 

' + «C COS (» — 6) 9 +JD cos (n— g) f 

.+ "C cos (»— 10) f + etc] 

The series in brackets is to be continued until we arriye/ at 

' •• ••- -1 .■!■• ; - -'' ■ • •• •■• 

negatiye angles, and k =^ « ^^® ^ ^^ ^ ^ P^^ ^^^ ^^^ ^^' ^ < 
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/■ 



TAB. IV.. 

dp COS p sin*f 



/■ 



df C08f 8m"f = , sin "+*9 



Sin f =: sin 9 
Sin«»=^jC0829+- 

1 3 

Sin «f s= — 2 sm 3* + 2 *"* * 

113 

Sin V =gC0849 — -co829 + g 

Sin »f =s Yg sin 5^ — Yg "™ ^ + g sin * 

Sin •»= -^co»6f + ^cW4«>'-i|«l>8&# + ^ 

1 7 21 35 

Sin '? = - gj e)B 7^ + g- TO e<>. - g| Bin Sf + gj wa ♦ 

Sin "(p = ^ c^ 8f -.' Yg «<>• 6f + 35 «o» 4» - 15 «o* 2f +- ^ 
1 9 9 21 63 

Sin '09 a--L coslOj + ^ C088^ - |^«086? + ejcos 4^ - 

105 «* . 63 

Sin "9s«r±'^jJi**rco8 n^ *-^ •A co» (n •^ B) ^ + •B* 09» (•• -»^ 4^ ♦ 

in *?=i"5;^l *"* »9 — •A 8in (» — 2) ^ + ^ sin (» — 4) ^ 

— "C sin (n— 6) 9 + etc. I 



form 4A or 4A •4- 9 ; the second nas *|-or -4^ according as n is of 
the form4Jb4- 1 ot 4i-f 8- Bodi d^ictei aie «^ b^ 466iit»hNi?& to 
negative angles, and ^ = ^ cos Of is to be substituted for cos Of. 



I I I'l i_ I ill u ' i i iiiB aaeB 



1 



IMSTBGRALS OF TKAlf SCXS^DESITAL IHFFERSNTrAZiS. %^ 



TJOk V. 



df sin V cos ^ = - sin 'f 



I d^ sin ^ cos ^f^-^ sin *f cos f — - sin ^ cos 94—^9 
J 4 dr or 

I d^ sin «^ cos «^ = f - cos ^f ^ -») **"^ '* 

j d^ sin 8^ cos *9 = T^fc cos *9 + -^ cos *# + j^ sin *<p 




d^ sin *^ COS f^ s -^ 2; (^ sinS^^ — sin 4^ j! 
I dip sin ^f cos V ^ -^ « 1 2 sin 44^ — ^ 1 
j d^ wti ^ ttt»»4) *s *- *fx f j4iw J^ + ^ siA 3^ -* ^ ainf l 

Kfdip^Bfer^^) <50S'^ » — « (« «4 6f + 5 »iif 4^ w jwngf — 2(p 
df ai#«f^^d08*^ s>-* ^/a sito ^Hn^^^ ^+ jii»5*-^sin?> 

; 1 dfait^f ^dtf ^aa > " ^f j gl'S*^'^'^?^ df -1- ftiiv44^2 ^VOr^f-Sf] 

1/1 5 8 V 

4#8m^«©s 7f=s—^rr {Qsin9(p+- sin 7^4- -sin 5^—14 sin ^j 

C f- i *^ ■ 1 ^ 

-.7sin2(p— 14^j 
I /I 7 19 21 

— 2 sin 3^.-42 smfj 

vd^»ki^«teM xof ^ - ^g (^ sift 1^?+ jiw ia#-j*-j^i»8f 

4|*.:^ am 6^ 4. ^gin4(p - 24sin2f - 42?j 



^^ 



R f 
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I df sin 'f cos ^ = t sin^^ 

I d^ sin*^ cos «f = f - sin*f — — sin*^ — —) ^®* f 

I d^sin'^cos'f = f-cos*^ + jr) sin*^ 

j df sin '^ cos V = « sin V cos'^ — rf j d? "in*^ cos «f 



TAB. VI. 

'f cos *f 



I df sin '^ 



j d^ sin 'J cos ^ = - f - cos 4^ — cos 2^ j 

jd^ sin »^ cos «^ = Yg f^ cos 6^ — - cos 3^ — 2cos^9J 

jd^ sin '^ cos »^ " 32 (g ^^ ^*^ "" 2 ^^* ^*) 

fd^ sin »^ cos ♦^ =^ (^cos 7<p + g cos5?— cos3»— 3cosf J 

fdip sin »^ CDS »^ =T28(8^^* 89+^s 6<p— ^os4*-'3cos 2^j 

r 1/13 8 \ 

I d^ sin »f cos *f = 056 ( 3^^*^*^" 7 c^*-''?'" 3 ^^ 3^'-&cos f j 
fd? sin »^ cos '^ = — ^^^ cos lO^+^cos 8^+^08^6^— 2cos4^ 

^) 

jd^ sin'^cos *^= 1524 (iT ^^*^^*+9 ^^*^* + cos?^— cos 5| 

22 V 

— ^ cos 3^ — 14cos^1 

C 1/1 3 3 1* 

j d^sin»^co8«^f = jgjj5fY2^Qsl2f+^O8l0^+2COs89-f^os6^ 

27 \ 

— — cos 4^ — 18 cos2^ j 

C 1/1 7 

I d^ sin *f cos »o^=-— nr^lTirCoslSf H-:n^o8ll^+2cos9f+2co87f 
J 40yo\13 11 



— 7 cos 



— 5 cos h^ — 2.1 cos 3f — 36 cos ^ j 



l « ■ ! 



1 
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1 



df gin *f cos ^ = ^ sin ^ 
df sm*f cos'f =(-:■iIl^■ 



A(pt,ia*f cot'f =(=CM'f + ~\ sin'? 



df sin *f cos ♦ = Yg {e sin 6f — sin 3f + 2 sin^j 
[fd^ain** cos •? = ^Qsin6f -i8in4? -^Bin2^ + 2») 
if Bia'9 cos'f = — /- sin 7f — g sin 6^— sin 3?+3sin?J 

d^ sin *? cos »f = gig Qsin9? + ^sm79 - gSinSf - 3 sin 3? 
+ 6siDfJ 

"df sin^p cos"? = STzfe'"'*"'"^ i«n8? - ^sin&p ~ 2«n4f 
+ sin 2^+6? j 

— 2 sin 3? 4- 14 sin f 
dfBii>*fcos«f=^(^iinl2M-|sinl0p+^in8?-28in6? 



— sin 4^4- 4 sin 2^4- 14? 
10 . 



■Aptia*<pt<„'f=^(j^Bm 18^+^ain llf+^sin 94>~,y sin 7^ 

— ^ sin 6^ - 3Bin 3p + 36si 
fd?8inycoB"<i=5^f-^nl4(i4Binl2*+ift«inl0f75sin8p| 



pf^ .|NT«9ft4«i0 lOfT V;i^)«9C]il^»^?4<' J^F^ffMffflMS. 



■ 



TAB. VHI. 



J 



^f giQ ^f qos *^ 



I d^ sin ^f cos f 
I df sin ^^ 008 ^^ 
I df sin ^f cos 'f 



=: - sin ^0 
6 

pc-sin^eo/if + 









fdfsi 



df sin ^f cqs i^ 
dippin^f cos ^f 
if sin ^f CQft^f 
df sin ^f cos ^f 



1 yi 

65' 



I df sm^cos'f = 
I dfsia^cos^^ ^ 



/^^COB f f -n- e^ps^H-^ <^99 3f +^ C08<p j 

Y5g|gCps^r-Jco8j6^^co84*+3cos 2«l^ 
555 (^o.9#-^oii7^^gCos5* + 



4 
3 



+ ^CGSf] 



sin^feos'fs:^ 



— 512(10 ^^^ ^^* "" 6 ^^* ^* "'"^ ^^ ^ V 

^ l55j(n^^^ 1^+gCOS J)*-r-^CO^>^— C0B5f 

+ — cos3^+ lOcos^j 



I dfsi 



5 \ 

+ - cos 4f + 10 cos 2^ J 



dfsin^fe^tsff^f^ 



fdfsi 



/■ 



— cos5f + -q" cos 39 + 20cos f\ 

sin*^QS»93B,--jgjf i^s Uf -ir^CQ^ 12^ "^To^® iiDp^^flOsS^ 

19 45 \ 

— -g- eos69 + 5 cos 4? + — cos 2^1 

354(15^ jl^4-|8«« -ISf +yyco» 119 



'df^^iiOBi^ 



-|«o»^ 



16384 , 
t-^cos7f -f. ± €«€♦ + — cos 39 + 45 cos(p j 



.mnBALS OS TBAHSCUHWOT^L DIFFBaXHTLUA WS 

TAB. ?X 



/' 



4iBil^>C0)»f 






fd* .lii"f co.f = -i(iii.»»-!iii 5»+ Ssin 3(>- 6»ii(.)j| 
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TAB. X. 



I df sin 7f cos ^ 



cos f = - sin "^ 

8 



I df sin 7^ 

I d^ sin 7^ cos '^ = 5 sin «^cos> + 5 j d$ sin 'f 

I d^ sin ff cos '^ = f -- cos «^ + —J sin «^ ' 

1 d^ sin 7^ cos ♦^ = f -y cos ^f,+ 00 ^^* ^ ) ®^^ '* + 00 I d^sin'<P 



I df sin '^ cos ^ = Y^(^os8^^cos6f-f-cos4f — 7cos 2^1 
j df sin?^ cos*f = jr^ (-cos9^—=cos 79+-cos 5^—14 cosf' 
1 d^ sin'^ cos'^ = TTofjA cos 10^ — ^ cos 8^ +5CO8 6^+2 cos4f 

— 7cos2f j 
I dfsin^^cosV ==Tq24 (t7<30s11^— cos9f— =<!0s7^+— cos5p 

— 2 cos 3^ — 14 COS f) 
J :d?>sin7fcos*^ = ^—(^cosUf^ gcoslo^p— ^s8f-|-^os6f 

+ 2 cos4p — 10 cos 2^) 
Jd^in7^cos««>=— g^lcos 13f —cos 1 l^-.|cos9H-| cos 7(f> 

+ 3cos5^ — 5cos 3^ — 20cos ^ ) 

r 1/1 7 7 35 \ 

J d^ sin7f>cog7^=gYgj^y^os 14?> -j^os lOf +^08 6^^os2f j 

f 1/1 1 7 7 

J d9Sm7^os8^=Y^ggj^j^og 15<P+y^cos13^jycos ll^.gcos9f 

21 '^'J \ 

+ 3cos7f + y cos 5^ — — cos3^ — 35 cos^ J 

J d^si^'^cosoiprr—i^^lcos ISf +icos 14^^-icos 12^|coslO<) 

7 7 V 

+ -cos8(p + 7cos6^ — -cos 4^ — .35cos2<p) 



pcM^ =5«n»p 



J df iin V co« "f = ^ un If cos » + ^ fd 
j df iin *9 cos >f = ^^ cos V + gg) un ■» 



INTBORALS OF TRANSCBNDEMTjIL DIFFBRBNTIALS. MV 

TAB. xr. II 



I df fii 



tilL*9CM*f 



Cdrp aafcotf = ^{^am 9f — sin 7* -f 

fdf sin ^ COB >^=— ^—sin lOf - -sinSf 

Jd^t sin f cos V = 1024 (^ ™ 11?- Isin 

I dp sin »f cos *#= j^^_ Bin 12»- jsin IC 

— — sin 4f — 4 sin Sf -|- 14f ] I 
I dfsin»fco«'f =^jj^^Y^»iii 13*— y^in U* — = sin9»+2sin7ell 
— ain 

21 

•{- 3 sin 74> ^ <in f 



aa>INTEGIULS OF TMAmiM^^mitAL WPFhJ 



TAB. XII. 



d^fin^f €0s"^ 



d^ sin ^9 cos f 
U dp Bin ^(p cos *^ 



^ sin '0^ 






+ 21cd 

l1 



iU<^-5COS%4^^< 



21 



— 2 cos 3^ -|- 42, 



27 



- J cos 4^ -f. 18 CM 
?9 '^ 



dfsmipeos^=^^^^^„, 13*^Jle«. u.A 10 



-ycos6^+3co8 3p + 36ej, 



19 



— -^ cos 6^ — 5 cos 4« u. ^ 

' l/i '^'2"' 

dfri.p,cos.,=.j_(^.l,,_3^,j3^^^^^^^ 

^|cos7f^|cos3^ + ^cos3^ + 45l.J 

-— _L /I »- 1 

+ |cos8^-7cos6,-|cos4^+35,^2,j 

d^Jn»^os^—.-i__ /*-,»- J ,,.5 ft ' 

^ 6.5536ll7«^«J''^i5<»eI«fr^jgcosia^co5lk 

+ -jj- cos 9« — 4 cos 7« _ *® -.». «■» . 56 > 

^ P 4 cos 7f - _ cos 5f + j cos 3<> + 70c(«f 



i* MfFQlALg OF TRANSGBNDfiNTAL DIFFSIt£NTIAL8. -S6k 



MM 



J sin "f ' J cos ' 



TAB. XIII. 



f 



Wo* ' 

I 



r= lofftangj 



COBf 

sin 9 



= — cot 9 




fj*^ 



■"CM 

7 



COS ^ j^ 1 C ^9 

"" "" 2sin«^ "^ 2 J sm?" 

oi3f+(^ ~ V~ fisS^ ~ I5ffl5^ "" 15 sin f/****^ 

3 tp / 1 5 5 n"^ ,6 fd»' 

J^ / 1 6 8 16 \ 

^^|COS^ 



= log tang ^46^ + 

sin 

= = tang (p 

cos ^ * ^ 

"'2cos*^"^2 J cos^ 

\,4co8V Sposf/' •^^fjops^ 

_ / 1 S 5 \ . • f if 

\6 *w*(p **" SIcST^ 16«08*f / ^^ * "^ 16 J 008 « 

1 4t >^% V-^9 J^ 



cos*^ 



V Q9S 7f "^35co#^ **" 35«083(p "^ 35 



aaiNTEGRJLLS OP TBAHfiCCNDBNML DiPPSBSHTULB. 
TAB. XH. 



/■ 



df tiv^^eos"? 



1 



■ ' ■ 10 

.-^ COS »p = {^^*9 + go) ■*"? 



+ 21 coif^p) 
/I ,/ 7 ^. !9 ,» ,21 „ 



2coB39 + 42cufij 

27 \ 

— ^cos4f +18caB2fj 

-fj^cof IW— Y5*<" ll?t^9ffryco«7f 
— ^cos6()+3cob3(> + 36cob \ 

— -^cos6^ — 5cos4f + -?-cos Zpj 

3 30 25 \ 

— ^ COS 7f -^ ^ cosSip + -g- cos 3f + 46 cos ^ j 

|dpii|i'poos'|i=-^5^;^(:i^8l6-p— ;^oal4i?-^OBl2?+^coaiaf 

^ + 35 cos 2f 



lSl3f^C0Bll{l 

i3$ + 70co«f 



IKO'fiOttALS OF TRANSOB^ DfiNTAL mFVEAmTlALS. ^ 



J sin »f * J cos " 



TAB. XIH. 



<P 



r d^ cos P . ^ 

I -T-r- = r~ = — COt» 

J sin^f sm f 

r dy _ ^ cos^ 1 p d(p 
J sin'C "■ 2 sin '9 "*" 2 J sin^ 

r /f^ / 1 2 \ 1 

I ■ 71 = ( — o • 3.,> ""3-^^^) COS^ = ©Ot» — r celts'^ 

r ii» _ / 1 _ 3 \ 3 f d» 

j s^*<p ""14 8in*p Swn^y «»»+ g J ^^ 

r dy _ / 1 _ 4 8 \ 

J 8m«(p " V 5sm5F J5«ui!^ "" IFim?/ *^** 

fdip / 1 5 5 \* ^,'5rd^' 

J ^iH^ = p 6i5^ " 5ii5i4)"^iFS5^/ ^°* * + igj as:? 

r d9 / 1 _ 6 8 16 \ 



P d^ sin ^ 

J cos^ "" cosf "" ^°^ 

P dy __ siny 1 r d^ 

J cos'^ ~" 2cos*^ 2 J C0S9 

J COS'? V4 COS ^9 ^ 8 pes f y * ^ 8 J qos ^ 

r d* / 1 , 4 , 8 \ . ^ 

I ■■■II . m i SS I I ■ II ,.^ ■!■■> » HM W -4- 1 '■ I 1.510 

^ co8*9 V^coi^ 16 008'^ ' 15:c6s^/ 

^ cos'(p \6 ««*<p ^ 24c«B*^ ^ 16«os»?/ ^' ^ ^ 16 J oo! 

fd» ^ / 1 ■ • g . « , 16 \ ^, 

J cos«9 \9 Q9S 7? "'"35co3? ""^ 35«os^9 "^ 35 cos f / "^ ^ 



♦ 
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TAB. XIV. 



d^ cos *p 



cos p 'J Bin (p 



rdf am ^ 
J cos p 
M^ sin <^ 






cos^ 

cosf 
*d^ sin ^^ 

COS 9 

*d^ sin ^f 
cosf 

*df sin V 
cos 9 

'd^ sin 7^ 
cos p 

*dp sin ^^ 



— log cos ^ =: log sec ^ 

^JC08< 

sin^f 
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d^ SI n "9 (*d^ cos *^ 



TAB. XV. 



J d^ sin *9 p 



i 



M^ sin ^ 

d^ sin *^ 
cos*^ 
rd^ sin ^p 
J cos *^ 
*d^ sin ^f 

COS *^ 
'df sin ^f 



cos^ 



= secf 



i 






cos 
M^ sin ^f 

cos*ip 
d^ sin ''p 

cos'f 
d^ an ^^ 

eos ^^ 



sin^ 
cos 9 

= I — sin •^+2) = cos^ + sec^ 

V • / cos ^ 

/ 1 . ,^ , 3 . ^\ 1 3 

= 1 -^ j: «o?© +.- sin o J — - A . 

V 2 '^^a ^ycos^'2^ 

\ 3 ^3 ^^3/c68^ 

V4 ^ «^^8 ^/cos^ 8*^ 
= ^-. g sm •♦ -. - sm^^p - gsin«* + -j.^^ 
A 1 • T 7 . ,^ 35 . ,^ , 35 . \ 1 35 



Jcosf 16 



■r»" 



Jd^cos^ 
sin>^ 
*d^ cos V 

sin^^ 
*d^cos*^ 

sin^^ 
d^ cos *p 

sin ^9 
d^cos*^ 



sm^ 



= — cosec ^ 



cos^ 

: — ^ — O :;r -- cot O — ^ 

sm ^ 



= (cos'O — 2 1 -^-- = — sin^ — coscc 
\ / sm 9 






* 



/I • 3 \ 1 3 
/I ^ ■ 4 .^ 8\ 1 




f 



■COS 



. 35 . 36 \ 1 



35 



p 16 



f 



■MB^I 



sWmmULIS 09 THAmCEimBNTAL DIFFERBNTIAU. 






TAB. XVI. 



co«'9 'J sin '9 






'd^ sin ^ _^ 1 

'*d£_sin«^ _ sin» ^ 1 fjy 
'~2co8«^ 2 J cos f 



*dd^sin'A 
cos^f 2cos^ 



Jc6s*f ISjeosf 



fdi^8in«f / 1^^ 5 , , , 5 . \ 1 5^ 
J eo8»9 V 3 '^ 3 ^^2 ^Jc6s*f ^^ 



COS^^ 



(■ 



■«-»» -f" lor cos ^ 

% ^ / COS V 2 J COS ^ 






9 



4^ 2 log cos ^ 















p 



df cos f 

sin '^ 
d^cos'f 

sin '9 
df cos*A 

sin '^ 
d^ cos ^^ 

sin ^f 
d^ cos *^ 

sin *f 
d9c6s^ 

Mn^^ 
d y cos ^^ 

sin'fi 
'^cps^ 

8in^ 



"" 2 sin «^ 

cos y 1^ C^9 
""2sin«^"*2 J sin^ 

*^ ft~- ^';v — "lor snr^- 



(km f 



\2 J sm *^ 

/I 5^ 6 VI srd& 

\3 ; 3 9 / sfei*^ 2^ J sinf 

(1 7 7 7 V 1 7 r 



7rd» 

*f sj sin ft 



aassasi 



iK<rB6iiA:L& OP TkAitdtAviiliiifJi^riiPFMissmfUdA. t» 



J6p nn "ip /*d(p^cdfi 



TAfe* XVII 






I' 
J" 



*d^ sin ^ 

cog *f 
*df sin ^^ 

C08*9 

*cl^sin^f 

'd^ sin ^f 
cos*^ 

*d^ sin ^(f 
cos*^ 

d^ sin ^^ 



1 



3C08'^ 

sin *^ 1\ . ^ 



J cos*^ 

/dip liiiii 7^ 
cds^f 
( M^ sin ^^ 
J cos-*^' 






*+♦ 



ii»'*f + 4filn«^ -^ ~ 



1 

tt\r t. 



5/ COS ^9 
I 1 'iv 7 ,^ . , 35. . ,.,^ 35 . 1 \ 1 : 35 , 



d^ cos ^ __ 1 



sin^ 

d<p cos 9j) 

sm*f 

d^coi^^ 



■in*> 



rdyeos^f 
d^ cos *^ 



3 sin *^ 



Srl'^^W'* 



sin ^9 
d^cos'^ip 

sin ^(^ 
d^cos^^ 

sinV 

*d£cos^ 

sin ^9 






Si*^ 






<> 






T= 






iTWIIB 



.t» IMTBOBALS OF, TBANSCENDBNTAL.DIFFiUIBNTIAIS. 



pdp sin p 1 

J cot'f ~ 4coB*f 

I -I ^ = I ~ iin 'C 4- - Bin « I I — i- 

J cOB'f \.8 ^S ^/cos. '^ 8 J cos ^ 

rd«sin'0 Bin'e 1 " 

J COB 'f 4co8*p 4 ", 

f d* sin 'f /5 . ._ 3 . '■ \ 1 , 3 f d?> 

fd^sin** /3 . . 1 ■ . \ 1 1 

I —L = ( ■- SIQ T — - Bia *f I ~ — log COB A 

J cob'* \4 2 ^Jcoi*^ " '^ 

= - Ung *9 — s tang 'f — log cob f 

J -J5^ = (- "" ♦+T '"''* -T "" *• jj5Pi+Tj ^f 

f^iinlf = (-\ .ia-,+?8i„ <* 3,i„^ ^ 1 _ 3 log COB ^ 
J cos •* V 2 ^^^4 '^ 2 ^ /COB '* 6 T 



rdy COB * _ 1 

J Bin '9 ~ 4 sin ♦* 
'd^cos'ip / 1 , 1 \ 1 1 r df 

^ = ^-gC0B»f-5C0Bfj^j^--Jj^ 



COB^ 

sin "9 



|j si 

fd^co*** /3..1 .\1., . 

=— jcpt *f +5C0t«* + jog sinf 

fd»cog'^ ■/ .^25 . , 15 \ 1 ,15fd(; 

I — J— : — = icob'» — ^coB*«4-s-c™* I-f— : — r-rr I -^^ — : 
J Bin'f \ ^ 8 '^^S *^y 8in'» ' 8 J sin ^ 



r^" 



N 
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sssa 



,^» T i i TTi 



s 



*d^ sin *^ rdpoos *^ 



tab: xrx 



J dy sin "y p 
cos«9 ' J" 



sin ^9 






■ 



Af sin y _ 

cos ^f "* 
'd^ sin '9 __ 

cos ^f ^ 
d^sin^ 

cos^^ 
*df sin *9 ^ 

cos ^9 "" 
dip sin ^9 ^ 

cos *9 "" 
d^ sin '9 ^ 

cos« ^p "" 
d^ sin 7^ ^ 

cos "9 
d^sin^ 

cos ^p 



5 cos ^9 



I — 7T 8m»0+ - sin ^0 ] r 

V 15 ^^3 ^/cos* 



* 



I 

« tang *9 
o 

(.in**-|sin«9 + ^)-^ 



^9 

- tang *0 — ^ tang ^<p + tang ?— ^ 
o o 

16\ 1 
— sin ^f+6 sin*f — 8 sin «9 + "T ) 



_ sin^^ 7 pdy si 
"■ "" 2cos*9'^2 J cos 



5 /cos *9 



sin ^9 

6^ 



/' 






d^ cos f 
sin ^p , 

df cos^ 
sin ^9 

d^cos^^ 



1 



sin 



5 sin *9 
(^cos**-icos3?))4^ 

/I o ". 2\ 1 

\ 3 ^ * 15/ sm* 



P 



1_ 



d^ cos V ^ 

Vin ^p 
d y cos ^y 

sin ^9 
d^ cos ^9 



=( 



i^ 



dy' cos^y 

sin ^9 
d^cos^ 

sin^" *■" 2^in 



— ■rCOt*^ 

6 -' 

4 « 8\ 1 

— 4 COt*f + TT C0t«9 - cot 9— 9 



/ « 16\ 1 

^cos«9.- 6.cos*<p + 8 cot «* - y J-J2r^ 

.cos^y ,7 pdy cos «» 
in ^9 2 J si 



sin*f 



S 



/ 



«w »«TMiuuk9 w TBANtKBNDnrPAii wranoonuimi 



TAft 36Xi 



sib: 



CM 7^ 



8»^^ 



6 cos *9 



cos 7^ 
'd^sin*^ 

cos 7^ 
*d^ sin ^p 

cos 7^ 
*d^ sin ^p 

cos^^ 
sin *^ 



•d^ 



U '^ Ml cos »♦ 

/I . .^ , 1 . , 1 . \ 1 , I r 4(p 



COS 7^ 

'd^ sin ^^ 

cos'^ 
*d^ sin '^ 

COS 7^ 

*d^ sin ^^ ' 

COS ''i^. 



- tang «^ 



/ll . ,^ 5 . , ,5 . \. i « f d* 
^_ „„ »^_ «„,p +_ ,.M|j__^_ j ^, 

1 "^ 1 I 

g tang ^ - J tang ♦(? tf - tang^+ lag cos «> ; 
/ • t^ , 77 . ^ 35 .,^ , 36 . A 1 Sfil 



J cos^ 



- 



*dp cos ^ 

sin 7^ 
•d^ cos V 

sin 7^ 
'd^cos'^ 

sin^^ 
d^ cos *^ 

sin^^ 
d^ cos ^<p 



1 



6 sin ^^ 



rd^ cos *^__ 

J sin '^ ~ 
pd^cos^J 

J sin 79 
^d^ cos '^ ^ 

sin''^ 



f ~ cos ^p — ^ co6 »? — : 

I — -rCOS V + t:^ ) . * ^ 
V 4 ^^12/sin«» 



'^ "" 16 ^^* 






= (-lecos^^-ecos^^+iecos^j^j— + ^J jj^ 

=:--C0t«(p 
O - 

/ II , , 6 , 5 V 1 5 r df 

= (-fgCos»f +gcos'9--j5Cos ?j-^-l^J--^ 

1 1 1 • 

=!— g cot«^ + J cot ♦^ ~ cot ^ — ^ log ftm f 

f . 77 . .35 .35 A.» 1 



;-gcot«^+-cot*^-- 

A ^ 77 . ,^ . 35 ,35 A.» 1 
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TAB. XXI. 



p ip sin *^ rd<pt»s«<p * 






*df sin^ ^ 1 

*dp sin •^ 

cos^^ 
'd^sin'p 

cos ®f 
'd^ sin *f 

cos^f 
d^ sin ^f 

d^ sin ^9 
cos®^ 

d^siftV 

dp siA ("^ 

'■* 

cos '^f 



i 



4> 



= (sin-# -4«in^^ + |^in«f -|| ^-^ 

* i tang ^«> -^ i tnHg^t + - laflg '?> — tatig (p-^9 






f 
f 



d^ cos 9 ^ ^ 1_ 



sin ^p 
d p cos *^ 

sin^f 
d^ cos 'f 

sin ^9 
d^ cos *^ 

sin^f 

d(p«0s'V 

d^ cos ^g 
sin^f 

d^coi^V 



7 sin '^ 
8 



— nri4^ uj *M 



io5'=°»'*+B'=°***""i^**).;s^ . 









\ « 



i-W B ■ rf 



sin^ 



* y "i ' ^ A. ■ 8 

I 

sr ^^ oor«r +^ tOT Y jCtJr"^ + ag/SnT'^^ 
25 -idct^f -f iicJ^.^^cpQ^Y^^ 






8 2 



I 
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I^HS 



TAB. XXII. 

dip 






sin^ cos*^/'J sin *^ cos "^ 



^ log tang p 



J sin ^ co» *^ cos f \} Bin 4 






sm ^ cos f 

> ' J sm 9 

sin ^ cos ^f ~ -2 cos «^ "^ og *^S * 

d^ 1 , 1 . f d(p 

sin f cos *9 3co9 '^ cos 9 J sin ^ 

■■ :^ — * I l-'loetaneo' 

sin f cos ^f 4cosV ^co<^ 

_^^2— = — L-+-ii_ +-L + fJ!L 

sin f cos ^ 5 cos*^ 3 cos 'f cos f * J sin > 

sin ^ cos 7f ~ 6 cos^ "*" 4 cos*$ "*" 2 cos V ^ 

f d^ ^ 1 I 1 I ^ I .^ I f ^^ 
J sin9 cos 'f 7 cos ^^ *" 5 cos *f 3 cos 'f cos f 'J sin ^ 



/ 



/ 



d£ i_ r d<p 

sin «^ cos ^ sin f J cos p 

dij I ■' 

. .~^X=--2cot2^ 
8in,*9 cos *^ 

d^ / 1 ^ 3\ 1 

sin '9 cos *9 V^ cos V ^/ sin 9 ' ^ J cos ^ 

. =s 11 I €». «. cot 2^ 

sm ^f cos *p 3 sm f cos'^ 3 

d(p _/ ^^ I g ^S\ 1 . 15 r d» 

sin«^cos*^ V4cos^'*"8cos^ 8/sinf "* sjcosf 

J sin «^ cos •^ \6 cos *f ^ 5cos 'f /sin f 6 

d^ { y .1 7 35 35\ 1 35 P Ap 

in ^ cos 'f v6 cos 'f 24 cos «f Uscos^f 16/ sin f 16 J cos \ 



sin'^cps^f VocosV 24cos*f 48cos*f 16/sinf lojcosf 

r d^ /I , 8 • 16 \ 1 128 ;„^ 

I ^' — Ti ll L I 1 — .— cot 2^ 

J sin«f cos ^p \1 cos'^ V35cos»^ V35cos»f/i^n f 35 . , 
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/ 



J; 



! 



X 



d^ 



sin '^ cos 



» 

«^' J sm* 



d^ 



. TAB. XXIII. 



f cos "^ 



MMHMita 



mmmamr 



d^ 



sin ^f cos 9 

*■ d0 

■ I iiT , 

sin*^ cos^f 
'd^ 



2sm*f 

1 

sm*9 cos 9 

2 cos 2 ^ 
sin^^"" 



-flogtang^ 



+ 3 






Bin'f 
-{*2 log tang 9 
5 



^ / 1 5 \ 1 rd» 

^3 cos '^ "^ 3 cos 9 ) sin«^ • J sin^i 



^ 3cos^/sm^ 

_i . 3f_j5_ 

ili*0 cos*^ • 2j' sin »^ cos • 



45iti^ 



<P 



sin ^^ cos 'jp 

d^ * 
sin ^f cos *f 

dp 
sin ^^^cos *^' 

d(p 
sin ^^ cos ^0 

d(fi 
sin '^ cos 7^ 

sin 'f cos «f "" ^TcofiT^ ' 35 cos ^p ' 5 cos 'f " cos f 



' \5c0s*^ 15 cos '^ 
V6coi 



\7coa 



cos^9 3 cos 
9 



J — ^ 
'^ 3 cos f /sin^ 

)s*f/8in*9 J sin' 



ysin^ J sin'^ 



d(^ 



3 



p cos '^ 

d« 



/^in'^ J siu*^ 



d^ 



1 



+ 



J^ 



d^ 



— -cot2f 



sin *p cos p 3 sin ^^ ,sin f ' J cos f 

f __d£__ 

J sin ♦^ cos "*^ "^ 3 cos ^ sin ^p 3 

f' «^». ^ 1 . 5 f ^» 

J sin *9 cos ^p , 2 cos *^ sin '9 . 2 J sin *^ coj p 

f ^» =: f 2_. , _lL.Vos20 

j8in*^co8*f V 3sin*2# 38;n2f / . ^ 



d^ 



sin ^f cos ^f 

ifl^JT — 
»^ cos ^^ 



_, / 1 , 7 \ 1 . 35 r d» 

^ \4co9*^"'"8,co8«*/,sin'^'"*" 8J sin*^< 



cosf 



f ^» "V ! ^I j ■ «^» - . . . 

J sin *^ cos ^^ . 5cos*^ sin^lP"; *5^^si,n *^^ cos.'*^ (. 
J sin^^qos''^ . V6eos*^ 



A 1 105 C dp 

^p)%\v^p^ 1^ J Bin*^c< 



^qos'^ . \6eos*^ 'ScosV * l?cos*9/s1n'^ 1^ 
d^ 



cos p 



J sin^f cos ^p \7 cos '^ ' 7 cos *9/sin '^ 7 J sin *^ cos ♦^ 



mt INTEORftU OF TRAl«6CB]f BBNTAL 1H9FSRBKTIA1B. 



^m 



J: 



f dy f 1 

J sin »f co»«9 V. 4 8tii'*^^ 

r__d£__ k, .3 f a» 

J sin "^ cos *f 4 cos *^ sin *f 2J siii'f cos »i( 

f dji ' ' "; • • i ' '" 7 r d* '• 

U sin »f ^i*\, *f 3 sin'-'^'co;*^ "^ §J sfe ^p'to^ ^ 

d» _-/ 

in *9 cos *^ '^' \ 



TAB. XXIV. 



J sjln *f COS •!(?' J ^^P98«i 



ItHHiM- 



d^ 



sm ^^ C03 ^ 



■ A 



+ l«glang* 



4 sin «^ 2 sin °f 



!l5r d« 



•"•^E^ 



• 6 \ 



J imi ^ cos"^ \5cos*^ *'" 5co»'^/ sin*^ " "^ J sin *^ o 

f. ...■.^ ■:^' ^-' ' ■ ?-. . + ^ f ; ^^ 
J Biri*$eb8''ip > 6 sin ■•^cos^ip 5J sin *^ cos 'f 

' il«> / 1 , U . 33 \ I .33 f 
Bln'^os^'^\?ESi^Ti5cok«* » Jfecos'^^siW ' S J 



cos *f 



^ 6 J sin*f cos^ 



r d» ^ . 11 1 r df 

J sin ^9 cos ^ ^ Tsm^ "^ 8 sin ^^ sin f J eos f 

Jsin^^^cos*^ V 5 sin*9 .5sin^^/co6^ 5 ^ 

d(? / : 1 ; 7 7 \ 1 



sin 'p cos 'f "^ \^5 sin »ip'~t6siS*ip Sstep/cos' 

'if ~ 3, \ ' 1 , 21 



sin *f cos 



r ' '4$ ; / ■ If ' a \ ■ 1 

r d(p _ / 32*. 128 ■ 256 V 

U sin »4» cos «9 T V"" ySS^ "" ifsttfJf 15siia«f/*^ 

d» ■ _^ I / u yi N 1 

in*f co'»'^ ** 6 sin *^ CM «^ "^ \3dsiriV lOsm'f/ coi 

■ 77 r d<p 

"loji 



t 



t 



sin *f eoa *{ 
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J sin '^ cos "^' J sin *f cos "^ 



TAB. XXV. 



if 

' ■ . m ■ " ■ 

sin 7f cos f 



6,sin ^f 4 sin ^ 2 sin *f 
7 35 , 3i 



4-logtangf 



35 f d^ 

sinf 
df 



r d» _/ 1 7 35 . 35\ 1 35 Tjd 

J sin7(pcos<^ V 6sin«f 24sin*^ 488in«<p ' le/cos^ ' I6j si 

f. ^» =( ^ l_^_i_+2f- 

J sin '^ cos ^^ V 6 sin «^ 3 sin ♦fycos ^ J »in^^ cos ^f 
r d<p _/ 1 3 '21 V ^ 105 P dip 

J sin'^cofJ*f""V 6sitt^ 8sin^f IGsin^/cos'f IGJsinfcos^ 



sin^^cofi^f 

d^ 
sin ^9 aof ^ 

d^ 
sin 7f cos ^9 



lia^ 8sin^f 168in^/cos' 

1 , g p dy 

£ cos *f sin •f * 3 J sin *9 cos •^^ 

6 cos 'f sin •f V30co8*9 lOcos'^/ sin^ 



♦ 



/. 



+ 



d^ 



;=( 



32 



40 



80 



sin^^cos^^^ V ^smPHp. 3f(iB^ iift^2f 



77 r d9 

loj sin ^9 cos ^ 

j cos2f + 20 log tang^ 



I HH| ' 'illl ^t 



^ _i ■ I _ 3 1 r j£_ 

7 sin '^ 5 sin^p 3ma.'^f mn ^ T J cpsfl 
Tsin'f . 35sui'; 35sin'f/cpsf>. 35 ° 

1 "9 3 3_\_i .«r a? 



«*«». ^ 



X 



sin ^f cos 9 
df 



fiin 8^ P09 ** 



=( 



H 



cos '^1 






sin *f cos ^f 
dp 



7sin^4>. 35sin^9 58in'f sin^/cos^ 

/_ _7_ _ ^ ' t"-\ r ■ rv6- f '' &» 

V 7«i4^' ' 74in *9/ cos ^f^ 7 J sin*^'cos* 
/ I _ " ll 33 \ 1 






d0 



^ 5 J sin «9 cos *4>| 



sin *f cos 'jjp 

dip 
sin *9 cos ^f 



1 , 12r d^ 

I . ! . 13 ? a» 

4- J s^n *9 cos ^9 



732fc55f 



iM* i M j w p iiP . ^ 



sa 



IM«|i««Mi 



mm^ 



<^ 



n 
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mm 



Notes on the preceding Tabks, 

L The formulee from page 238 to page 263 for the integral 

/d^ sin^^ cos* 9, may also be applied to the integral 

fip* sin.* (kf'[-lX'COs^(kf'^l)f k and I being constants. In 

those formula we have only to substitute kf-{'l for f, and to 

1 
multiply the whole by ?. Thus we find 

Cdx cos (kf-^l) =? J sin (kif+ 1) 
Jdf sin (k(f+l) =5 - i cos (kf+l) 
Jdf cos (k9+l) sin- (kf-{^l) = "''7(iyi)^^^ 

A(n+1) 
1 



I Af sin Cilf 4- Z; cos" (i^-f 0= ~ 

d^ 



J w 



n» (A?4- cos« (A^+ "" * «»* (*<P+0 cos f *^+ /) ' 

3cos(i(H0 , 3 , ^ I /i^, A 
^ + oi log tangi (*(?+/). 



2;^sin'>(i(f)+0 V 2A 



2. Differentials of the forms dp tang** ^y df sec*^ cot*f^ 

df sec* 9 tang*f cosecP^, ftc, may be reduced to the forms 

d^ sin*f cos* 9^ by substituting for tang f, cot f, sec f » cosec f 

. . , sin^; cos 9 1 1 

their values r, -:--i, ~f -^—r 

cos f sm f ' cos f sm f 

3. The following formulce being of frequent use, are worthy of 
remark, 

d»«mr*f+0«n(*^»+O= 2(CT ) ■ 









ir 



Jn^TSGRALSOFTRANSGBlfBBNTALDIFFSRENTIAIia 96d 



■■ I * 



/ 



General -Formulo 



TAB. XXVI; 



^ df sin f = — - f^ cos f + n^""* sin f + n (it — 1) ^"^ cos 9 

^9i(n»l)(n — 2)^-' sin 9 
-. « (n— 1) (»--2) (iir-3)#r-t<50S f + +,— - 



I f*df sinf ss 
I ^ df sin 9 ^ 

I ^ df sin f =£ 



Particul^ Cases. 

— f cosf-)- sinf 

* 

« 

— ^ cos f -{- 39*sin 9 -|- 6f cos 9 — 6 sin^ 

^ ' > 

_ 9«cosf + 'If'sin 9 4- 12^ cos f — 24f sin f 

* * ■ # , ■ • ^ 

— 24 cos 9 

— f * cos f + 5f*9hkf +20^X09 9 ?- 60ip* M.n * 

— 120 f cos f + 120 sin f 



I f* df cos f 

^ General Eormulfle. \ 

f»df cosf =:f»^inf -^ n^rriicosjp -- ii(«--J)ff"'V©B# 

-:«(».— 1)(»-- 2^^-* cost>+ + - —^ 

Particular Cases. '"^ \ . .V, 

I f df cos^ssf sin f ,-|-cp99 



; 



: 



ql^dfcosfs:^sint+2^coB^ — •Ssinf 
r^df cos^ ss ^sinf 4- 3f*cos f -* 6f sinf — 6cosf 

J ^df cosf s^sin9 + 4jp'co8f — 12f* sin 9 — 24^ cos f ^ 

-' . : - + M Sin f 

I f df cQp f s ff sifi f 4- Ap* cos 9 — 20f*sinf — GOf^os f 

+ 120f cos^ + 120 sin 9 



mmsamam 
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TAB. xxvir 



Xfdop 



'X an algebraic function ofx^p::: arc sin x, 
arc Q0> 41^4 m^ tongir* ^* 

r^, r dar/Xdx 

Xdx arc cos x = arc cos « • I Xdr + I ^ .^ ^ ^ 



rX6ix'' arc «fa^ *:» wc %h « • 



Xd« arc tang « = arc tang x • 
XAx arc cot X = arc cot X - I . 



Xix 



p/JKbr 



l+x« 



j j Xdx arc sec X =5 arc sec « • I Xix — 
JTdPMrccosecx = arccosecx • I Xix + 

xa«: areismT 






Particular GfLses« 
dx arc sin X =: X arc sin x — I -ttt; 

a^doi are «in X tt^ 
'^ dx 



«~+ 



I 1 /* a^+^dx ' 



arc sin « s -/arc sin X 1 



* >.. 



-^ a? v'Cl — «*) +5^ siDixlarc smx+j a^ 



, V^ ,, arc sin X = — arc sin x • V^(i^— aJ*) + x 
V(I— «*) - 

x^dx 
- ^a rcsinx 



«TC 






i:ia T' (•? 



V .' . r f 



1 ' 3 
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/• 



«*dar 



V(i-^ 



arc sin ;c 



= -c. 



»* + 



n 



f>i 



+r)^* 



• arc am x 



+ 26*''*45*'"*"l5* 



dx 






(1 — «*)* 

xdx . arcsmx , 1 , '1 — x 

— ri VC^s« + 



(1— x«)4 
I x^dx arc cos « = — rn vc C(QS x + ■■ p - I - 

If' 



fa?!^ wc cpt X == ^^i-aw ^9t af 

*■••■- 



.' I 



I x^dx arc sin vers af t* -E^ 



aretittv.n 



r r 



»i 



-.+ 1 / 






•o ) ■, *■) 



r jfc . : 1/ - :v 

Jl^r^ wc,t^|[:a? =:;(af --^ WJ tpn^ « ) arc tpig a:-.|lp|^lfa|-«^ 



'-r 



J -I I" 



fpr 



w. 1 



r •■' 



- * 



i\. 



- 1 

)0 ^'S^\ 



I /» J- 5 /, : \« ! 



- V > 



<J 



I 




J vc^n ^^^'"^^"* -!(»««'»*•»)' 
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TAB. XXVIII. 

CxixlogZ 

(X, Z, algebi^cal Functions of x) 
A general FoTmola. 

Particular Cases. 

J-«i.iog.=.£ii(iog.-jJ_i) 



- - He(ic« J* 



HeQce pfi obtain either* 

_ a+bx 



I — iog(o + »*) = logB.log:* +^- 2^51 + 



6V 6V 



2»i»a^ 3^^ 



•SeethetwoI^tfoim«I«e In'diis page; where log(«4-fac)i8 
expanded according to tbe increasing or decreasing powers or ^, 
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J^ 



IJAB/XXIX. 

Xdxl6s*x 

A General Fonnula. 

j Xdx log *x = X'log"* — nX^'log •-» a? + « (« — 1) X''' log*-« x 
^ + n(n — I) (» — 2) X'''' log«-»« + &C- 

^ Particular Cas^s/ 
j «""* d« log"x = I — log "a: =e ^ . log"+ * « 

j«-d*iogx =1^; (log* -^) 

J «*■'*"' / 2 2 1 \ 

x«da:log«x = ;;^(log^-;;^jlogx + -:pp^^ 

J , . a?"+V, . 3 , « . 3.^ , 3.2.1\ 

ar»aa Iog'a:== — r-= ( log ^x n *08'^«+7 — -rr-rlogg— . ■ 'i.j 1 

^ 3» + l\ * »»4-l ^(m+1)* ** (w+1)/ 

af'da? _ a?*+> /i 1 . 1.3 

^/log X " (w+ 1) V'log x\ ' (2i»+2)log« "^[ (2»i+2) log x]« 



1.3.5 '1.3«5«7 j^. 'jDV^ 

+ [(2« + 2)log«]' + [(2m+2)log«]* + ^ ^^' } 

/*c"*dx aj'*'*' ' / ' .1 ** 1 • 3* 

^"(«+ 1) ^ log! ^' ^ ^^'^ + ^> '°« ' "^ [(2«+2)logx]« 

V X ' 

I , . .1.3.5 . 1 . 3 • 5 . 7 I • • ^_ •- 1 

*^[(2m+2)logxp^[(2mt2>logx]*^ ^ / 

x*dx 



•* * ' ' ' r* x*dx I 

t ' The former of the two formulse I -r^. , I • 

y J /logx J 

y is imaginary when x lies oetween and 1 ; tfie latter is 



V^log^' 



so, when x is > 1. 



* The series will terminate when n is a positive integer* 
When n'is a negative integer, a finite series may also be found. 
See the following page. 
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TAfi* XX3U 






A general Formula. 

XAx , . Xc X^x 

log^"z (j*T» l)log"~'« ^i» — 1) (« — 2)log"—"af 

(»_il) |5R_2) (»-.3) feg-'* **'♦ 
dx ox . QX 

Particular Casesii 
J Tog^ "" (» — l)log«-ij!f "^ (n— 1) (wf*^) log*-«x 

.l-TTTTw — *>\..2.lJ logd 



I — logf •» =3 -*-^J- log«+ *X 



3).».2.1 log«^(»— lH»i— 2). 



lo^ • 






rf*DKa! 



fea: jP-*v- 



1 Kxr'^ 



log7"*" 1 ji2i» 



ES^^ tlpg**"" 2.ilog« "' 2.i Jjogx 

' di , , Jog a? 1 log*a? 1 \ag*» 1 log** 



^c,loglog,^^-_+-..j^ --.j^3 + -.^— .5-^ 



log*ir 



I 

5 ' 1.2.3.4.5 



-| J- — in inftmt. 



Ax 



= ^/. 



rttie integral being taken ftom x =: to x=:l.' 
LCEuler. Com. Acad, Peirop.tom. XVl.p 



J /k J\3i|L"^l. 3*6.7. •.o.(^n+l) ^^ /»j^^v 



\ */ 
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TAR XXXI. 



I . - -.- -f- M - -- III-. ■ " - ' - > . *r . 



/■ 



; 



A»:S5fc 



gCUCXar 






^X 



a'X' 



Air// 



a*X 



a'X^ 



7/ 



loga "" iQg^ "*" iog*5 "* T^p^"*" "*^ 



u7 






y 



7/ 






•4 



y drd« 






f 



a*a:*dx 



Particular Case». 

V 

.-ii...... 22 I I ■ ^ m I. ■ II » < I * 

log a log^a log^a 



^ ^ - . ^^/ + >^ ^' "fcg^H^V - 



-...r 






J logfc** J wilog-a J 



J log a log «a 



^,. - a*j:« *J«s ^ 2.14* 



l^^a l»g^A ' k^»<* 

C » o'a:* 3a*x« , 3.2o*x 3.2.1a' 
J log a jlog'a Ipg'n log^a 

./*a»«i! , , *iogd , x''»tJg% , y l»g»i» . ««fog«<i . 



;r^--f 



+ h>gaj — 
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"^ "" 2«« 2.1* "^ 2.1 J « 

ra'dx q* q'loga q?iog*tt p log'a f o'dag 

Jl?'* 3«« 3.2x* 3.2.1«'*^3.2.1 J x 

ra>dx ««/ 1 1 1.3 _1.3;5_, ^'A 

J V« V« Vlog a^2x log «a^ 2 V log »a ^ 2V log *a ^ I 

pg^ _ J^(2x ^ ^ajMogo^ 2gar> log •a ^ y jg* log^a \ 

J-v/«"~\/«\l 1.3 "^ 1.3.6 1.3.5.7"^ 7 

Cc^dx _ t 1 1 • 12 . 

J 1— af ""• * L(r — «) log a (1— «)Mog*a "^ (!—«)» log >a 



1.2.3 . 1.2.3.4 



(1 -.*)nog*a ^ (1 -x)» log*a J 

I aF*afdx 5= -—J I aJfy^dy for ^ ::: mx 

Jx-Wc = J(i +:^*+2^+!^|L^+ &c ) wx 



=:* a-»+ 



Vw + l'""(»»+2)* (wi + Sy (w+4)*"^ ^V 
, ttx*>+'logx / 1 nx n«x« n^x^ i ji, ^ 

n»x*-*-»log^/ 1 nx n»x» _^ nV j. ^ ^ 

it^x^-'-^log^x / 1 nx , nV nV • ^ \ 

■*■ 1.2.3 U + 4 ^M^^'^lm+ey *"(»!+ 7^ + *^; 

&c. &c. &c. 

I «""**dx = a/« r^® integral being taken from x = — oo to! 
J L^=: + <» • Laplace; Mican. dL Uvre X, No. 5.J 



* By the integration of x»dx, x^+^dxlogx, x»+*dxlog*i^, 
«*+^dxlog?x,' Ac. . T5i0 value of the integral /x^'x^dx, taken 
between x =: and 1^ on the supposition that m+l is positive is 



1 n . n* n' . »' 



4 



"i" /«• _l_ QM fmn _l- AS4 TT /'mO- KN> * 



m + 1 (m+2)« ^ (m + 3)» (i».+ 4)* ^ (m+ g)' 



==? 



IlfP^^R4lia 0« IPRAMSCBKPBVTAIi JDIFFEIUBtfUAUS. 9f3 



/• 



TAB. XXXIL 



c^dasin**, Ifl^doJ 



cos*x 



e^dx sm*x = 



Formulfle of reduction. 
c^sm*'"'x(a sin a? — n cos x) 



««+»^' 






€«da:co8*x = 



f* C05*""* « (a cos ar 4- « feiiia:) 
a« + n^ 






cos 



«— ?1 



e^dxsinx 



F^rticolar ForinulcB 
€«*(« sin X ^— cos x) 



■ ■ 1^ 



I c«dxsin*x 



J 



c«»dxsin*ar = 



6" sin X (a sin X —-^ 2 cos x) 
0*4-4 



1.2 

4- €» 



e^ftin®x(asinx^3cbsr) 2.3#^(asinx«— cosx) 



a* + 9 



(a«+l)(a«+9) 






a?4-l 



:wA^' • .. €«<.coj5xXacosx4- 2sinx) . 1.2 ^ 

0*4-4 '^0(0*4-4) 

r_- . c*'cosVj(ocos,x4-3sinx) . 2.5c«{ocosx4-sin4?) 
I e'^dxcos'x =s i ^ I ■ T; ■ . ^ M il / 






_ , . - c«(asin^ — iJcosAx) 
e^dxsmAx =s — ^ . . -^ ^ 

* - - 6«(acos^4-4flinAx) 
e'Mxcosiex = — ^ — r— — • — ^-^ 



By nieans of the two last formulce, we may also i^tegr^te 
fef^ dx sm "•x cos "x. If sin *x cos»x be' expressed in terms of the 
sines and cosines of fnuUiple. angles » wd shall obtain pure mono- 
mials 6f\tl|6 fprjps e^dx sin ^, £^dx cqs Ax. e°'dx. 




se;?aB 



mmm 



mfmmm 



55S( 



T 
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TAB, XXXIII- 



(/- ^gcosy)d^ 
4-6 cos ^)» 



fC/M 



J^ 



FormuleB of Reduction. 

(J^g cos ^) d(p (flg^— y)8in^ 

(a-f6cos(p)» ""(n — l)(a« — 6«)(o+ 6cosf)"-* 






-IXa/— 65f)+(«— 2)(asr— 6/)cos ^] d^ 



d(p 



a-f-6cos^ 



(a+6cos^)*~* 



Particular Cases. 
i_« arc tanff («-.^) tangle 

1 ^ sin>^Ca^— *«) 

-— — — r-r arc tang — r-~ — * — - 
V(a«— 6«^) ^ 6+acos^ 

1 . sin ^v^ra*— 6«) 

arc sm 



J: 



d^ 



1 
1 



arc cos 



a+6cos9 

6+acos^ 
a4-6co8f 



a+6cos<p i/(6«— a«) 

w 

The first of 
6 > a ; for 6 



log 



5+a cos y+sin y ^(&^— a*) 
a +6 cos f 



/i 



d^ 



a+acos^ 

d^ sin ^ 
a+6cos^ 

d^ cos ^ 
a+6cosf 

d(p 



these values are for.6<a9 the. othfsr. Table' for 
=: a, we have 

\ C dp 11 

'a J 1 + C08» =a^^2» 

1 



(a+6cos(?))« 

d^ cos ^ 
(o+6cos(p)« 



— jlog(a4-6cos^) 

^ ^ a f d^ 
6 6 Ja 



+6cos^ 
— 6sin<^ 



4- 6 cos 9 



J a-f.6cosf/ 

— ^ / g sin ^ ^ r d^ \ 
■* a'— 6» \ a-f 6 cos-^ J a + 6 cos ^ / 



aSBBSSS 



* • 
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TAB. XXXIV. 



The Integral 

I df (1 -f ncosfY 

resolved by multiple angles. 



«MM*««»l.^*| 



wt^ 



f 



I. p positive, pzz + m 
A general Formula.* 

df (1 + n COB f)r = Af + Bsiaf ■{• -tC sm 2p + -T D sin 3^ 

^2 ^2.4 ^2.4.6 



2mnA — 2B 
(m+2)n ' 



^ _.(m— 1)»B— 4C 



C= _ _ 

(m+3)n 

(y»^2)nC— 62) -_ (fw-»3)nJ>— 8^ 
■" (m+4)n ' "" (i7i+5)n 

_ (m--4)»Jg— lO/' ^^ (m— 5ynF— 12G 
(»i+6)n ' '. ~ (»i+7)n 

[The series for A and B terminate when ml 
is an integer.. J 



*^The i^tegTal | df) (a+6 cos ^y may be reduced to this form 



by putting - = n ; for then 



I d^(a + 6co89)P sso'' I d9(l+»cos^)i 



^.i^va^M 



n$ wrmatiisov nuNscBNDBifTAL j^mfwrnmutm 



/ Particular Cases. 

Forf»= Ij-w^have 
A = l, B-n, (C,,D^ hj^czi 0). 



1 



For m =: 2it w^ ba;re 

1 



For m = 3, we have 
D = i H\ (E, F, '&c. = 0): 



For m=:4/we have 



1 



Az±i-{^^n*^^ffi, U^4n:4.-«**, ei=«3«*-finS 



L 



^'« » 



D so liS £33 f ii% (F, e/&c. = 0). 

For m ±r ^ we have 
- , 1.1^. la. 3.6 / i. 1.3. 5.7.9 ^ ^ 



— nB— 8C . 






/' 



n. p ne^ati^* p ^ *^ m» 

^ormulfle of Reduetion. 
Let 

- . . s . -1 • , 1 
d^(I + ncosf)"-«» = iff -f Bsin^ + 5Crin4^-r|j--2>sm3^ 



/' 



4 



d<p (1 + » cos f )"-«-»=il'f +^^81119 + 1 (T sin 2^ + i lysinaf 

1 1 

• . + 7 jB* sin4f + - F'sitii 50+&c. 

Then 



"^S^B" 



^^i*F 



HiTBORAiiS OP Tm.vf9GS(fimiTJa( 9fffwamuai>»,^u* 



N 










n "^ mdn 



^^.%(C^C)-:nff ^D4. 



n * man 

&c. &<♦. 

By aid of these double formulee of redttctioiiy which senre 
mutually to prove one another, the eoeffieietils A^ B, C, P, &c. 
I corresponding to the values pzz — ^, -^3, — 4, &c., may be esti* 
mated, irom their valties for pzz^^l. When pzz^^\y we have 

JL XZ M I V un i t 

2-2^(l-««) 
~ nV(l — n«) 

to =k ^r-M -2 (4 - n») ^(1 - n») 



I * ii * It p < < f > 



Jf= 






1— V^(l— n«)\»» 



, 






'' 



The values if ily J9, C, D, &c fot p:z: —i, — ii — f, *c. 
may be fovbd by the same formula, from their valuei for p^i, 
(see p^ 27^ ; they do not^ liowevi^r, well ^doit of repifesentatito^ 
otherwise thaii by series. 
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To the developeinent of the angular fandtion (14-ncos f)P into | 
a series of the form' A +Bcosf+Ccos2f + D cos 3f + &c. 
for the purpose of . integrating the differential df^l+ncosffy 
Analysts have frequently directed their attention* This form is 
particularly useful in astronomy, where it occurs in that of 
(r*-f /•-*rr'c08 fy\ or rather in the somewhat more simple one«' 
(l+a^'-^cos^)^ .The most. ample details [on this subject may 
be found in Euler's Instit. Caiad. Integ,, and in the Traiti du 
Col. Dijf. et Integ, of Lacroix. Laplace, in the second book of 
his Micanique Celeste, has given the following formulee of 
reduction : 

Ad<^ting his notation, let 

(!+«»—• cos «)-•=! ^r + ^T ^^^ ^ + ^r ^^^ ^^ + ^^• 

(l + ««— cos «)-^» = 5^+,+ *.+ |COS«+6^^^ C082d+ &c. 

Then 

• "" (* — «)« 

For the values &« , 6, , he gives the following series : 

Hence we obtain, when 5 =: — x, and therefore p = o ^^ 
following series : 
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,(1) /, 1.1 . 1 1>1.3 ^ 



1.3 1.1.3.5 

4.6 ' 2.4.6.8 



fi 



These series converge with great nqpidity when « is a small 
fraction. By aid of these and the preceding formulee^ the values 

of 6 .', 6 ,, &c., 6_3, 6_3, &c., as also of their differentials 
' 3 3 

relative to «, when required, as in the work quoted, may very 
easily be found. 



FINIK 
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